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Error Estimates in a 2D Setting

Recall: Notation

FUZQ,'ﬂQj

Spaces:

HS = HY(Q) n HY(T(Q))

Hi = H: +Bh(T(Q))

My HYQ) = BL(T(Q))

p

IgA Tutorial

edges in physical domain

ueHL =2

quasi interpolant

degree of B-Splines
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Error Estimates in a 2D Setting

Approximation estimates

Lemma

Let u e HY(Q;) with £ > 2. Then for 0 < £ < p+ 1, there exist constants
G = Cf(?;i? | DD 10 () 4l ey
such that
o K|Vu — VM HL2(F) < 3P
o lu—MyulZe < Ly G Pluldeq, + Zf, G b2 ule,
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Error Estimates in a 2D Setting

Recall: Boundedness of the bilinear form

There is a constant C independent of h; such that for all v e Hﬁ and for
all veBL(T(Q)) we have
1

an(u,v) < C (|ulfe +Xr, hio' V' g, + hicd [V |22 e, )2 Ivlac-
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Error Estimates in a 2D Setting

Main error estimation

Let ue Hér, £ > 2, be the solution of
a(u,v) = F(v) VYve H}(Q)
and let up € B, (T () be the solution of
an(un, vh) = F(vn) + po(ud, va) Vvp € Bp(T(R2)).
Then

N
lu— upllac <

_ hi g
G | i 1+2@jﬁhf el bean)-
j

i=1 F,"
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Outlook: Non-matching interface parameterizations

Agenda

@ Outlook: Non-matching interface parameterizations
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Outlook: Non-matching interface parameterizations

Introduction and Problem Set

Change of notation: Fjj — e

2
v) = a;Vu-VvdQ
-2l
—ZJ{VU n}lv] +{Vv-n}lu de+Z

eeF; eeF;

J[u][v]de
Recall: find u such that
ZZuab,k,bf F(b) VjeR‘ 4=1,....n

k=1 jeRk
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Outlook: Non-matching interface parameterizations

Introduction and Problem Set

Problems caused by non-matching interface
parameterizations (not considered previously)

|

Challenge 1: Find reparameterizations
Challenge 2: Find suitable elements for !

numerical quadrature rule same curve, potentially
different

parameterizations

o Experimental results
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Outlook: Non-matching interface parameterizations

Why do we consider non-matching parameterizations?

If we don't treat non-matching parameterizations differently:

Matching and Non-Matching Case

10°
107
E
<]
[ =4
o
O
=R
§ 10
@
k=]
g
102
matching case
noen-matching case
107 L L L L L L
-7 ] 5 -4 3 2 -1 o}

log of cell size
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Outlook: Non-matching interface parameterizations

Example Domain and Simplifications

R = G%liey(e)
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Outlook: Non-matching interface parameterizations

Computing the Integral Terms

j[u][v]de _ f (ulgn — ulas)(vigs — vige)de

e

= J ulgrv|gr — u|gz2v|qr — ulqiv]q2 + u|q2v|q2de
e

l plug in bf‘,bf, k,t=1,2

term of interest: (—1)%¢{_ bf‘(x)|9kbf(x)|9edx J
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Outlook: Non-matching interface parameterizations

Compute one Integral Value Exemplarily

For k=1, £ = 2 we get

- | BB 0 lgedx
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Compute one Integral Value Exemplarily

For k=1, £ = 2 we get
- | BB 0 lgedx
e

- _J (87 2 (6171 () (87 2 (6%)7) (x)dx
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Outlook: Non-matching interface parameterizations

Compute one Integral Value Exemplarily

For k=1, £ = 2 we get

- | BB 0 lgedx

Il
[
—
—
RSy
—

Fo (G (x) (870 (GH)7h) (x)dx
= —J (ﬁ,l o L_l) (x) (sz o R_l) (x)dx

IgA Tutorial Discontinuous Galerkin Isogeometric Analysis



Outlook: Non-matching interface parameterizations

Compute one Integral Value Exemplarily

_J by (x)|q1.b7 (x)] 02 dx Let
e A0, 1] — {1} x [0, 1],
= —J (B} o (GH7™Y) (x) (B2 0 (6A)7Y) (x)dx  ¢:[0,1] = {0} x [0,1]
_ _J (ﬁ-l o L_l) (x) (520 R‘l) (x)dx such that Lo A = Rop.
e ’ = e = (LoA)([0,1])
= (Roo)([0,1])
Set P(t) := L(\(t))
= R(o(t)),
te[0,1]
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Outlook: Non-matching interface parameterizations

Compute one Integral Value Exemplarily

- [ BB ) -
e | J A :[0,1] — {1} x [0,1],

_ _J (Yo (6Y7™Y) (x) (B20(G2)71) (x)dx @ [0,1] — {0} x [0, 1]
= —J (/81 o L—l) (x) (52 o R—l) (X)dx such that Lo A = Ro 0.
e ! J = e = (Lo))([0,1]

)

B ‘f (BFo L7Y) (P(1))- = (Reo)([0,1)
0

(82 0 R (P()| P(2) |de
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Outlook: Non-matching interface parameterizations

Compute one Integral Value Exemplarily

1 2 Let
_Lb" ()l b ()| dx A:[0,1] — {1} x [0, 1],
= —f (B} o (GH7Y) (x) (820 (6%)7Y) (x)dx  ¢:[0,1] — {0} x [0,1]
_ _J (810 1Y) (x) (62 o RY) (x)dx such that Lo A = Rop.

e ’ = e = (Lo A)([0,1])
B ‘f (BFo L7Y) (P(1))- = (Reo)([0,1)

0

320 R71) (P Pl dr Set P(t) := L(\(t))

1 (B ) (P( )).II (t)] 2 RG]

=), BE(E))B7 (o(1))|P(t)] dt t e [0,1].
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Outlook: Non-matching interface parameterizations

Two Challenges

IENS

@ Find X\ and o
Cases of interest:
L#R= \#idorp+#id

@ Apply a suitable quadrature to

/:o>
\

>
~ N

f BHA(£)82(o(1) | (1)) dt.
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Outlook: Non-matching interface parameterizations

Challenge 1: How to find the Reparameterizations

o Compute discrete version of
o=R 1olLol, ie. /
o(ti) = o 0 1o 1
L R

by solving a least squares problem for
some samples t;.

@ Solve a spline fitting problem of (o;);
with one dimensional splines.

=LoAx Royp

o=Rlolo) |
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Outlook: Non-matching interface parameterizations

Challenge 2: How to find the Quadrature Knots

0 1 0.5 1 1
. AT ] . T 0 Find quadrature knots to
( integrate
0.5 0.5
/N fﬂ, (o) P ()] k.
0 0.5 1 0 0.5 1

L(1,0.5)

Lor05)
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Challenge 2: How to find the Quadrature Knots

i A1 ] " T ot 1 Find quadrature knots to
1 1 .
integrate
0.5 0.5 1 .
/ \ fo BHA(E)B2(o(1)) | (1)) dt.
0 0.5 1 0 0.5 1

L R Finding Interior Knots:
Strategies

@ Find the exact positions
by inverting A and o.

@ Split the t-knotspans into
uniform segments.

L(1,0.5)

r©,05 @ Use adaptive quadrature
on whole t-knot spans.
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Influence of Quadrature Method

10% : T : : : : :
107 F 3
E
a
= 2L 4
m 10
[m]
=
8
E -3 —— —
5 10—
L=
8 -
4 Uniform Gauss 10 segemnts
107 Uniform Gauss 30 segments |
Exact Gauss
— Adaptive Quadrature
10°% . L . . . . .
-8 -7 4 -5 <4 3 2 -1 0

log of parametric element size




Outlook: Non-matching interface parameterizations

Influence of the Reparameterization

109 : : : : : : T
10 F 3
E
a
= -
o 107 F . i}
[m] -
=) —_— A~
g
& Ll |
5 10 )
=S p
=}
107 F 5
reparametrization: exact polynomial
reparametrization emor: 0.0131167
reparametrization emror: 3.106816E-015
10 . . . . . . L
8 -7 -6 ] -4 -3 2 -1 0

log of parametric element size
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Thank you for your attention!
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