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Recall: Notation

Fij “ Ωi X Ωj edges in physical domain

Spaces:

H`T “ H1pΩq X H`pT pΩqq u P H`T , ` ě 2
H`h “ H`T `BhpT pΩqq

Πh : H`pΩq ÞÑ BhpT pΩqq quasi interpolant

p degree of B-Splines

IgA Tutorial Discontinuous Galerkin Isogeometric Analysis



Error Estimates in a 2D Setting
Outlook: Non-matching interface parameterizations

Approximation estimates

Lemma

Let u P H`pΩi q with ` ě 2. Then for 0 ď ` ď p` 1, there exist constants

Ci :“ Ci pmax
`0ď`

}D`0Φi}L8pΩi q, }u}H`pΩi q
q

such that
hβi }∇ui ´∇Πhui}2L2pFij q

ď Cih
2`´3`β
i

}u ´ Πhu}2dG ď
řN

i“1 Cih2`´2
i }u}2H`pΩi q

`
ř

Fij
Ciα

j hi
hj

h2`´2
i }u}2H`pΩi q
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Recall: Boundedness of the bilinear form

Lemma

There is a constant C independent of hi such that for all u P H`h and for
all v P BhpT pΩqq we have

ahpu, vq ď C
`

}u}2dG `
ř

Fij
hiα

i}∇ui}2L2pFij q
` hjα

j}∇uj}2L2pFij q

¯
1
2
}v}dG .
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Main error estimation

Theorem

Let u P H`T , ` ě 2, be the solution of

apu, vq “ F pvq @v P H1
0 pΩq

and let uh P BhpT pΩqq be the solution of

ahpuh, vhq “ F pvhq ` pDpud , vhq @vh P BhpT pΩqq.

Then

}u ´ uh}dG ď

N
ÿ

i“1

Ci

¨

˝h`´1
i `

ÿ

Fij

αj hi

hj
h`´1
i

˛

‚}u}H`pΩi q
.
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Introduction and Problem Set

Change of notation: Fij Ñ e

apu, vq “
2
ÿ

i“1

ż

Ωi

αi∇u ¨∇vdΩ

´
1
2

ÿ

ePFI

ż

e
t∇u ¨ nurv s ` t∇v ¨ nurusde `

ÿ

ePFI

δ

he

ż

e
rusrv sde

Recall: find uk
i such that

n
ÿ

k“1

ÿ

iPRk

uk
i apbk

i , b
`
j q “ F pb`j q @j P R`, ` “ 1, . . . , n
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Introduction and Problem Set

Problems caused by non-matching interface
parameterizations (not considered previously)

Challenge 1: Find reparameterizations
Challenge 2: Find suitable elements for
numerical quadrature rule

Experimental results

Ò

same curve, potentially
different
parameterizations
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Why do we consider non-matching parameterizations?

If we don’t treat non-matching parameterizations differently:
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Example Domain and Simplifications

1

1

0 1

1

0

Ω̂1 Ω̂2

Ω1 Ω2

Ω

G 1 G 2L R

L “ G 1|pG1q´1peq

R “ G 2|pG2q´1peq
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Computing the Integral Terms

ż

e
rusrv sde “

ż

e
pu|Ω1 ´ u|Ω2qpv |Ω1 ´ v |Ω2qde

“

ż

e
u|Ω1v |Ω1 ´ u|Ω2v |Ω1 ´ u|Ω1v |Ω2 ` u|Ω2v |Ω2de

plug in bk
i , b

`
j , k , ` “ 1, 2

term of interest: p´1qk``
ş

e bk
i pxq|Ωkb`j pxq|Ω`dx
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Compute one Integral Value Exemplarily

For k “ 1, ` “ 2 we get

´

ż

e
b1
i pxq|Ω1b2

j pxq|Ω2dx

“ ´

ż

e

`

β1
i ˝ pG

1q´1˘ pxq
`

β2
j ˝ pG

2q´1˘ pxqdx

“ ´

ż

e

`

β1
i ˝ L´1˘ pxq

`

β2
j ˝ R´1˘ pxqdx

“ ´

ż 1

0

`

β1
i ˝ L´1˘ pPptqq ¨
`

β2
j ˝ R´1˘ pPptqq} 9Pptq}dt

“ ´

ż 1

0
β1

i pλptqqβ
2
j p%ptqq} 9Pptq}dt

Reparameterizations
Let

λ :r0, 1s Ñ t1u ˆ r0, 1s,
% :r0, 1s Ñ t0u ˆ r0, 1s

such that L ˝ λ “ R ˝ %.

ñ e “ pL ˝ λqpr0, 1sq
“ pR ˝ %qpr0, 1sq

Set Pptq :“ Lpλptqq
“ Rp%ptqq,

t P r0, 1s.
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Two Challenges

0 1

λ %

1

1

0 1

1

0

Ω̂1 Ω̂2

Ω1 Ω2

Ω

G 1 G 2L R

Tasks
1 Find λ and %.

Cases of interest:
L ‰ R ñ λ ‰ id or % ‰ id

2 Apply a suitable quadrature to
ż 1

0
β1

i pλptqqβ
2
j p%ptqq} 9Pptq}dt.
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Challenge 1: How to find the Reparameterizations

Compute discrete version of
% “ R´1 ˝ L ˝ λ, i.e.

%pti q “ %i

by solving a least squares problem for
some samples ti .
Solve a spline fitting problem of p%i qi
with one dimensional splines.

ñ L ˝ λ « R ˝ %

0 1
λ %

1

1

0 1

1

0

L R

% “ R´1 ˝ L ˝ λ
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Challenge 2: How to find the Quadrature Knots

0 10.5
t

λ´1 %´1

1

1

0

0.5

0.5 1

1

0

0.5

0.5

Ω

Lp1, 0.5q

Rp0, 0.5q
L ˝ λp0.5q

L R

Find quadrature knots to
integrate
ż 1

0
β1

i pλptqqβ
2
j p%ptqq} 9Pptq}dt.

Finding Interior Knots:
Strategies

Find the exact positions
by inverting λ and %.
Split the t-knotspans into
uniform segments.
Use adaptive quadrature
on whole t-knot spans.
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Influence of Quadrature Method
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Influence of the Reparameterization
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Thank you for your attention!
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