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Introduction
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Maxwell's Equation

B
9r curl E =0, (Faraday's law)
oD
T curlH = —J, (Ampere's law)
divD = p, (electrical Gauss law)
divB =0, (magnetic Gauss law).
B .. mag. field J .. el. current
e E .. el. field |. charge densit
. el. fie .. el. charge densi
B = v(H + M), _ ’ s
J— oF. D .. el. displacement € .. el. permittivity
H .. mag. induction v .. mag. permeability

M .. magnetization o .. conductivity



Figure: Motor sector
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Eigenvalue Problem

Find w € R and u € Hop(curl; Q) such that

/ pLeurlucurlv = wz/ eu-v Vv e Hy(curl; Q).
Q Q

Source Problem

Find u € Ho(curl; ) such that

/u_lcurlu-curlv—w2/eu-v:/f-v Vv € Ho(curl; Q).
Q Q Q
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physical Domain Q, and Parametrization F

Q C R3: bounded, simply connected Lipschitz domain with
o0Q: connected boundary
F:Q— Q continuously differentiable geometrical mapping

with continuously differentiable inverse

Sobolev spaces

H(curl; Q) := {v € L*(Q)| curl(v) € L*(Q)}
H(div; Q) := {v € L*(Q)|div(v) € L*(Q)}
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De Rham Complex

52 Hurt: ) 2 H(div: ) B 12@) — 0

R —HY(Q) &5

grad dlv

R —HY(Q) 2% H(curl; Q) % H(div; Q) &% 12(Q) — 0

Exact for Q (and Q) simply connected.
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Pullback operators

2(¢) == oF, ¢ € H(Q)
H(u) == (DF)T(uoF), u € H(curl; Q)
1?(v) := det(DF)(DF)*(v o F), v € H(div; Q)
:*(p) = det(DF)(¢ o F), p € L(Q)
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De Rham Complex

— —

R —HY(Q) 224 H(curk; Q) 2 H(div; Q) &% 12(Q)

(A —0
01 A1 21 21
R —HY(Q) &% H(curk; Q) 2% H(div;Q) &% 12(Q) — 0
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Section 2

B-Splines
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Yo={&, ..., &ntpt+1} p-open knot vector
Z/ = {527 ceey fn-i—p}
Bi p(&) B-spline functions

Sp(X) :==span{Bjp,i =1,..,n}
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Anchors and Greville Sites

Anchors Greville sites
. odd,
£A — 5"*‘%1 P ,}/A _ St Ay
: §iiptéiipy P
—2—%—2— peven
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Multivariate Case

Y ={&1, & ntrpitl}
Apl, .,pd(zb ...,Zd) = APl(zl) e X APd(zd)

Bpy .. pa(€) = Bh(&1).. B (€ )
5p17.._7pd(21,...,zd) —span{ p1,.. ,Pd}
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Spline spaces will be high-order extensions of classical low order
Nédélec hexahedral finite elements

Discrete Spaces

w0 .

Xp 1= p17P27P3(Zl,2y3)’

XI} = Pl*]-’PZuFE(Z?l’ z2,3) X 5P17P2*1,P3(zla 2/2’ Z3) X SP17P27P3*1(21,23 Zg)’
2.

Xi = SP17P2,3—1(2172,2 3) X 5P1—17P27P3—1(Z/17 Y2, /3) X 5P1,2—1,P3(Z,1,2’z3)v

XI? = P1*1’P2*1,P3*1( I ZI)

Discrete De Rham complex

R —)XO grad X]_ curl X2 div Xh N

This sequence is exact.
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Spaces on the Physical domain

Discrete De Rham complex

RX0 &9, g gl gs
01 L 21 21
R—xP 2, xpem,  2dv 3,0

Discrete Spaces

X = {¢::%(0) € Xp},
X,} ={u: Ll(u) € )?,}},
X,? ={v: L2(V) € )?ﬁ},
Xi = {p:3(p) € X3}
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Projectors onto the B-spline space

ni—1,m—1,n3—1

nPrPoRsg = > Miis®)Biiis

h=2,ir=2,i3=2

where )\f are the dual basis functionals in each variable:

NBP = 5
Spline preserving property
M := ¢, Von € Xy
ﬁlﬁh = Gh, Vﬁh S X,}
ﬁ2gh = Vh, Wh € )?,?
ﬂ3¢h = g/ﬁh, Vg/ﬁh € X;’
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Projectors onto the B-spline space

R —H(Q) &% H(curl; Q) & H(d|v 8) ™ 12@) — 0
ng | ng | M2 | Mg |
XO grad Xl curl X2 div ?;? __.q

The same holds also for the physical domain.

Armin Fohler Isogeometric Analysis for Maxwell's equation



Approximation estimate

Under the assumption v4 > ag, d = 1,2, 3, the following estimates
hold:

I — M%lpee) < Ch*8ll1s(e) Vo € H' N H(Q),
0</<s<p+1,/<a+1

lu— M|y < Ch*|lullps@)  Vu € H(curl; Q) N H(Q),
0</<s<pl<a

IV = M2Vl ey < CB*' IVl s W € H(div; Q) N H(Q),
0</<s<pl<a
lo = Ml igay < P lellks(a) Vi € L*(Q) N H(Q),

0<I<s<p,l<a.
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Approximation estimate (Energy Norm)

The following inequalities hold for 0 </ < s < p,/ < a:

16 — M0 sy < Ch* 6]l psia e
lu =M ulleune) < b lullis(euney
Yu € H%(curl; Q),
Iv = PVluaive) < vl
vv € H*(div; Q),
le = Pl < b llellnsw)
Vo € H3(Q).
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Multi-patch domain

Conformity across the interface

If the De-Rham complex is fulfilled on each patch:

@ trace continuity on X,?
@ tangential trace continuity on X,}
e normal trace continuity on X?

e no continuity on X}?

Geometrical Conformity

On each non-empty patch interface ' the spaces X,S’k1 and X? ko
coincide, as the corresponding bases do.
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Section 3

T-Splines
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PR S p——
Apl,...,pd(zla ---vzd) = API(Z]-) XX Apd(zd)

Bh...pe(&) = BIZ21(&1)---B[Z41(£4)
TP1,---,Pd(M) = span{B;‘l,...,pd tAE Am,---,Pd(M)}
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2D De Rham Complex

We have to modify the mesh not only at the boundary but also at
the T-junctions.

?f? = p,p(MO)

Yi = To1p(Mi) X Tppo1(M3)
?/}* = Tpp-1(M3) X Tp_1,(Mi)
?f% = p—l,p—l(Mz)

De Rham Complex

grad curl 2
VP ES VI Y2 0

R V9 @, pie Iy g2 g
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3D De Rham Complex

X2 := Y0 x S,(X)

Xp = [Vi x Sp(D)] x [V§ x Sp-1(T)]
X2 = Vi x Spoa(Z)] x [VZ x Sp(T))]
Y2 = Y2 xS, 1(X)

De Rham Complex

R—)XO grad X]_ curl X2 div )?h N
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Section 4

Examples
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Eigenvalue Problem

Find w € R and u € Hy(curl; Q) such that

/ pLeurlucurlv = w2/ eu-v Vv e Hy(curl; Q).
Q Q

Aim is to show that there are no spurious modes with T-splines.
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Results: Square
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Results: Square
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With suitable refinement due to the reentrant edge:
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Results: L-Shape Domain 3d

Relative error
T
Relative error
3

10 i o ;
» " 5 B .

Degrees of freedom Degrees of freedom
(a) Degree 4 {b) Degree 5

The method is free of spurious modes.
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Source Problem

Find u € Ho(curl; ) such that

/ulcurlu-curlv—w2/eu-v:/f-v Vv € Ho(curl; Q),
Q Q Q
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sis for Maxwell's equation
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T- and B-spline of degree 3.
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Thank you for your attention!
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