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Continuous Problem :

The model Stokes problem

Find (u, p) such that (s.t.)

−ν∆u−∇p = f in Ω,

divu = 0 in Ω,

u = 0 on Γ = ∂Ω
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Continuous Problem :

The model Stokes problem

Find (u, p) ∈ V ×Q = [H1
0 (Ω)]2 × L2

0(Ω) s.t.

a(u,v) + b(v, p) = (f ,v) ∀v ∈ V,

b(u, q) = 0 ∀q ∈ Q,

with

a(u,v) :=

∫
Ω
ν∇u : ∇v dΩ

b(v, q) :=

∫
Ω

divv q dΩ

Existence and Uniqueness are well known (see [NumCM]).
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Virtual formulation :

Preliminaries

Let {Th}h be a sequence of decompositions of Ω into general
polygonal elements K with

hK := diam(K) and h := sup
K∈Th

hK .

Assumptions on Th

K is star-shaped wrt a ball of radius ≥ γhK ,(A1)
the distance between any two vertices of K is ≥ chK(A2)
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Virtual formulation :

The local virtual spaces

Let
Pk(K) the set of polynomials on K of degree ≤ k
Bk(K) := {v ∈ C0(∂K) : v|e ∈ Pk(e) ∀e ⊂ ∂K}
Gk(K) := ∇(Pk+1(K)) ⊆ [Pk(K)]2

Gk(K)⊥ ⊆ [Pk(K)]2 be the L2-orth. complement to Gk(K)

On each element, we define for k ≥ 2 the local virtual spaces

V
K
h :=

{
v ∈ [H

1
(K)]

2
: v|∂K ∈ [Bk(∂K)]

2
,

{
− ν∆v −∇s ∈ Gk−2(K)

⊥
,

div v ∈ Pk−1(K),
for some s ∈ L2

(K)

}

and
QK

h := Pk−1(K).
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Virtual formulation :

Degrees of freedom I

For v ∈ VK
h we have the linear operator DV for the local degrees

of freedom (DoFs)
DV1: the values of v at the vertices of K
DV2: the values of v at k − 1 distinct points of every edge
e ⊂ ∂K
DV3: the moments of v∫

K
v · g⊥k−2 dK for all g⊥k−2 ∈ Gk−2(K)⊥

DV4: the moments up to order k− 1 and greater than zero of
divv in K,∫

K
(divv)qk−1 dK for all qk−1 ∈ Pk−1(K)/R
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Virtual formulation :

Degrees of freedom II

For q ∈ QK
h we have the local degrees of freedom

DQ: the moments up to order k − 1 of q in K,∫
K
q pk−1 dK for all pk−1 ∈ Pk−1(K)

Proposition
The linear operators DV and DQ are a unisolvent set of DoFs for
the virtual spaces VK

h and QK
h , respectively.

Proof.
See [1].
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Virtual formulation :

Degrees of freedom III

DoFs for k = 2, k = 3. We denote DV1 with the black dots, DV2 with
the red squares, DV3 with the green rectangles, DV4 with the blued
dots inside the elements.
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Virtual formulation :

The global spaces

We define the global virtual element spaces as

Vh := {v ∈ [H1
0 (Ω)]2 : v|K ∈ VK

h for all K ∈ Th},

and
Qh := {q ∈ L2

0(Ω) : q|K ∈ QK
h for all K ∈ Th}.

Moreover, by construction

divVh ⊆ Qh.
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Virtual formulation :

The discrete bilinearform bh(., .)

We do not approximate the bilinearform b, i.e.,

b(vh, qh) =
∑
K∈Th

bK(vh, qh) for all vh ∈ Vh, qh ∈ Qh.

The form above is computable from the degrees of freedom
DV1, DV2 and DV4.
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Virtual formulation :

Some important properties I

Observation
The quantity aK(qk,v) is exactly computable for all
qk ∈ [Pk(K)]2 and for all v ∈ VK

h .
However, for any (v,w) ∈ VK

h ×VK
h , aK(v,w) is not

computable.

We want do define a computable discrete local bilinearform
aKh (·, ·) : VK

h ×VK
h → R.
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Virtual formulation :

Some important properties II

Properties of aKh (., .)

k-consistency: for all qk ∈ [Pk(K)]2 and vh ∈ VK
h

aKh (qk,vh) = aK(qk,vh)

stability: there exist two positive constants α∗, α∗,
independent of h and K, s.t., for all vh ∈ VK

h , it holds

α∗ a
K(vh,vh) ≤ aKh (vh,vh) ≤ α∗ aK(vh,vh)
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Virtual formulation :

Some important properties III

Energy projection operator
For all K ∈ Th, we introduce the energy projection operator
Π∇,Kk : VK

h → [Pk(K)]2, defined by{
aK(qk,vh −Π∇,Kk vh) = 0 for all qk ∈ [Pk(K)]2

P 0,K(vh −Π∇,Kk vh) = 0,

where P 0,K is the L2-projection operator onto the constant
functions on K.
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Virtual formulation :

Some important properties IV

Stabilizing
We introduce a symmetric stabilizing bilinear form
SK : VK

h ×VK
h → R, satisfying

c∗a
K(vh,vh) ≤ SK(vh,vh) ≤ c∗aK(vh,vh).

A possible choice is for instance

SK(vh,wh) = αK v>hwh,

with v,w ∈ RNK the vectors of local DoFs and αK a suitably
chosen constant.
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Virtual formulation :

The discrete bilinearform ah(., .)

For each polygon K we set

aKh (uh,vh) :=aK
(
Π∇,Kk uh, Π

∇,K
k vh

)
+ SK

(
(I −Π∇,Kk )uh, (I −Π∇,Kk )vh

)
,

which is k-consistent and stable.
The global approximated bilinearform is then

ah(uh,vh) :=
∑
K∈Th

aKh (uh,vh)
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Virtual formulation :

Approximation of the right hand side

For K ∈ Th, let Π0,K
k−2 : [L2(K)]2 → [Pk−2(K)]2 be the

L2-projection operator. Then

fh := Π0,K
k−2f for all K ∈ Th.

Then the right hand side is given by

(fh,vh) =
∑
K∈Th

∫
K
fh · vh dK,

which consists only of computable terms.
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Virtual formulation :

The discrete problem

Find (uh, ph) ∈ Vh ×Qh s.t.

ah(uh,vh) + b(vh, ph) = (fh,vh) ∀vh ∈ Vh,

b(uh, qh) = 0 ∀qh ∈ Qh,

Exact divergence-freeness
Introducing the kernels

Z := {v ∈ V : b(v, q) = 0 for all q ∈ Q},
Zh := {vh ∈ Vh : b(vh, qh) = 0 for all qh ∈ Qh},

there holds the inclusion
Zh ⊆ Z.
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Approximation and convergence properties :

An approximation result

Proposition
Let u ∈ V ∩ [Hs+1(Ω)]2 with 0 ≤ s ≤ k. Under the assumptions
(A1) and (A2) on the decomposition Th, there exist uI ∈ Vh s.t.

‖u− uI‖0,K + hK |u− uI |1,K ≤ C hs+1
K |u|s+1,D(K)

where C is a constant independent of h, and D(K) denotes the
neighbourhood (“diamond”) of K.

Proof.
See [1].

A. Schafelner JKU Linz 18 / 36



Approximation and convergence properties :

The discrete inf - sup condition

Proposition
Given the discrete spaces Vh and Qh, there exists a positive β,
independent of h, such that

sup
06=vh∈Vh

b(vh, qh)

‖vh‖1
≥ β‖qh‖Q for all qh ∈ Qh.

Proof.
Via a Fortin operator πh.
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Approximation and convergence properties :

Existence

Theorem
The approximate problem has a unique solution
(uh, ph) ∈ Vh ×Qh, verifying the estimate

‖uh‖1 + ‖ph‖Q ≤ C‖f‖0

Moreover, the inf - sup condition implies

divVh = Qh.
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Approximation and convergence properties :

Convergence
An observation

If u ∈ V is the velocity solution of the continuous problem, then it
also solves:
Find u ∈ Z

a(u,v) = (f ,v) for all v ∈ Z.

Analogously, if uh ∈ Vh is the velocity solution of the approximate
problem, then it also solves:
Find uh ∈ Zh

ah(uh,vh) = (fh,vh) for all vh ∈ Zh.
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Approximation and convergence properties :

Convergence

Theorem
Let u ∈ Z be the solution of the problem on the kernel of b(., .)
and uh ∈ Zh be the solution of the problem on the kernel of
bh(., .). Then it holds:

‖u− uh‖1 ≤ C hk (|f |k−1 + |u|k+1) .

Theorem
Let (u, p) ∈ V ×Q be the solution of the continuous problem and
(uh, ph) ∈ Vh ×Qh be the solution of the approximate problem.
Then it holds:

‖p− ph‖Q ≤ C hk (|f |k−1 + |u|k+1 + |p|k) .
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Reduced spaces and reduced problem :

Reduced spaces

For k ≥ 2, we define the local VEM spaces

V̂
K
h :=

{
v ∈ [H

1
(K)]

2
: v|∂K ∈ [Bk(∂K)]

2
,

{
− ν∆v −∇s ∈ Gk−2(K)

⊥
,

div v ∈ P0(K),
for some s ∈ H1

(K)

}

and
Q̂K

h := P0(K).

The global spaces are then

V̂h := {v ∈ [H1
0 (Ω)]2 : v|K ∈ V̂K

h for all K ∈ Th},

and
Q̂h := {q ∈ L2

0(Ω) : q|K ∈ Q̂K
h for all K ∈ Th}.
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Reduced spaces and reduced problem :

A reduced set of DoFs

For v ∈ V̂K
h we have the linear operator D̂V for the local degrees

of freedom
D̂V1: the values of v at the vertices of K
D̂V2: the values of v at k − 1 distinct points of every edge
e ⊂ ∂K
D̂V3: the moments of v∫

K
v · g⊥k−2 dK for all g⊥k−2 ∈ Gk−2(K)⊥

For q ∈ Q̂K
h we have the local degrees of freedom

D̂Q: the moment of q in K,∫
K
q dK
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Reduced spaces and reduced problem :

A reduced set of DoFs II

DoFs for k = 2, k = 3. We denote D̂V1 with the black dots, D̂V2 with
the red squares, D̂V3 with the green rectangles.
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Reduced spaces and reduced problem :

The reduced discrete problem

Find (ûh, ph) ∈ V̂h × Q̂h s.t.

ah(ûh, v̂h) + b(v̂h, p̂h) = (fh, v̂h) ∀v̂h ∈ V̂h,

b(ûh, q̂h) = 0 ∀q̂h ∈ Q̂h,

All terms involved are computable wrt to the reduced basis!

Moreover, there exists a β̂ > 0 such that

sup
06=v̂h∈V̂h

b(v̂h, q̂h)

‖v̂h‖1
≥ β̂‖q̂h‖Q for all q̂h ∈ Q̂h.
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Reduced spaces and reduced problem :

Proposition
Let (uh, ph) be the solution of the full scheme and (ûh, p̂h) be the
solution of the reduced scheme. Then

ûh = u and p̂h|K = Π0,K
0 ph for all K ∈ Th.

Proof.
See [1].
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Reduced spaces and reduced problem :

Percentage saving of DoFs in the reduced problem with respect the original one [1].
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Numerical example :

Error computation I

We do not know the approximate solution uh point-wise inside the
elements. Hence we need a suitable (computable) polynomial
projection of the VEM solution uh.

tensor-valued L2-projection
For K ∈ Th and k ≥ 2, we introduce the L2-projection operator
Π0,K

k−1 : [L2(K)]2×2 → [Pk−1(K)]2×2, defined by∫
K

(
A−Π0,K

k−1A
)

: Pk−1 dx = 0,

for all A ∈ [L2(K)]2×2 and Pk−1 ∈ [Pk−1(K)]2×2.
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Numerical example :

Error computation II

Error measure

δ(u) :=

(∑
K∈Th

∥∥∥∇u−Π0,K
k−1

(
∇uh

)∥∥∥2
)1/2

δ(p) := ‖p− ph‖0
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Numerical example :

Four meshes

Example of polygonal meshes: V1/32 , T1/16, Q1/32 , W1/20.
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Numerical example :

Example 1

We consider the unit square Ω = [0, 1]2. The functions

u(x, y) =

(
−1

2 cos2(x) cos(y) sin(y)
1
2 cos2(y) cos(x) sin(x)

)
p(x, y) = sin(x)− sin(y)

are chosen as exact solutions, with the load vector f computed
accordingly. Furthermore, we have homogeneous boundary
conditions on the whole ∂Ω.
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Numerical example :

Behaviour of δ(u) and δ(p) for the sequence of meshes Vh with k = 2.
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Numerical example :

Behaviour of δ(u) and δ(p) for the sequence of meshes Vh with k = 3.
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Numerical example :
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Numerical example :
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Numerical example :

Behaviour of δ(u) and δ(p) for the sequence of meshes Qh with k = 3.
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Numerical example :

Behaviour of δ(u) and δ(p) for the sequence of meshes Wh with k = 2.

A. Schafelner JKU Linz 32 / 36



Numerical example :

Behaviour of δ(u) and δ(p) for the sequence of meshes Wh with k = 3.
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Numerical example :

Example 2
Numerical check of equality

We consider the unit square Ω = [0, 1]2. The polynomial functions

u(x, y) =

(
y4 + 1
x4 + 2

)
p(x, y) = x3 − y3

are chosen as exact solutions, with the load vector f computed
accordingly.
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Numerical example :

Example 2
Numerical check of equality

Discrepancy measure

ε(u) :=

(∑
K∈Th

∥∥∥Π0,K
k−1∇(uh − ûh)

∥∥∥2
)1/2

ε(p) :=

(∑
K∈Th

∥∥∥Π0,K
0 ph − p̂h

∥∥∥2
)1/2
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Numerical example :

Example 2
Numerical check of equality

ε(u) and ε(p) for the meshes Vh, Th,Qh,Wh with k = 2, 3.

A. Schafelner JKU Linz 35 / 36



[1] Beirão da Veiga, L., Lovadina, C. and Vacca, G. Divergence free virtual elements for the
stokes problem on polygonal meshes. ESAIM: M2AN 51, 2 (2017), 509-535.

Thank you!
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