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THE CIARLET-RAVIART METHOD FOR BIHARMONIC
PROBLEMS ON GENERAL POLYGONAL DOMAINS: MAPPING
PROPERTIES AND PRECONDITIONING *

WALTER ZULEHNERF

Abstract. For biharmonic boundary value problems, the Ciarlet-Raviart mixed method is
considered on polygonal domains without additional convexity assumptions. Mapping properties of
the involved operators on the continuous as well as on the discrete level are studied. Based on this,
efficient preconditioners are constructed and numerical experiments are shown.

Key words. biharmonic equation, Ciarlet-Raviart method, mixed methods, mapping properties,
preconditioning

AMS subject classifications. 65N22, 65F08, 65F10

1. Introduction. We consider the first biharmonic boundary value problem:
Find y such that
(1.1) A’y =f inQ, y:@:0 on T,

on

where € is an open and bounded set in R? with a polygonal Lipschitz boundary T,
A and 9/0n denote the Laplace operator and the derivative in the direction normal
to the boundary, respectively, and f € H~1(Q2). Here and throughout the paper we
use L2(Q), H™(Q), and HJ(Q) with its dual space H~™(f2) to denote the standard
Lebesgue and Sobolev spaces with corresponding norms |.|lo, ||-/lm, |-|m, and ||.||=m
for positive integers m, see, e.g., [1]. Problems of this type occur, for example, in fluid
mechanics, where y is the stream function of a two-dimensional Stokes flow, see, e.g.,
[10], and in elasticity, where y is the vertical deflection of a clamped Kirchhof plate,
see, e.g., [6].

The standard (primal) variational formulation of (1.1) reads: Find y € HZ(Q)
such that

(1.2) AyAz dx = (f,z) forall z € H(Q),
Q

where (-,-) denotes the duality product in H* x H for a Hilbert space H with dual
H*, here for H = H}(Q). (If H=R", we use (-,-) for the Euclidean inner product.)
Existence and uniqueness of a solution to (1.2) is guaranteed by the theorem of Lax-
Milgram, see, e.g., [21], [17].

Conforming finite element methods based on (1.2) require approximation spaces
of continuously differentiable functions, which are not so easy to construct for un-
structured meshes. Another challenging issue for (1.2) is the construction of effi-
cient preconditioners for iterative methods for solving a discretized version of (1.2).
Standard techniques which might help to resolve these difficulties are discontinuous
Galerkin methods or mixed methods. We focus here on the well-known mixed method
by Ciarlet-Raviart, see [8], for which an auxiliary variable

u=—Ay
*The research was supported by the Austrian Science Fund (FWF), W1214-N15, project DK12.

fInstitute of Computational Mathematics, Johannes Kepler University Linz, 4040 Linz, Austria
(zulehner@numa.uni-linz.ac.at).



2 WALTER ZULEHNER

is introduced. For the Stokes problem wu is the vorticity of the flow, for plate bending
problems u can be interpreted as bending moment. With this auxiliary variable the
fourth order differential equation in (1.1) can be rewritten as a system of two second-
order equations

(1.3) —Ay=wu, —Au=f inQ.

Finite element methods for (1.3) were studied on convex domains §2 by many authors,
see, e.g, [8], [24], [9], [3], [10]. The equivalence of variational formulations for (1.1)
and for (1.3) is a subtle issue, which, for the first biharmonic problem, was already
addressed in the pioneering paper [8] for convex domains, and essentially settled in
[4] for domains without convexity assumptions.

Strongly related to the Ciarlet-Raviart mixed method is a boundary operator
formulation for another auxiliary variable

)\:’LL|F

on the continuous as well as on the discrete level, see [7], [11]. On the discrete level,
this approach can be seen as a reduction of the mixed problem to a Schur complement
problem.

For convex domains and the more for non-convex domains, preconditioning the
mixed method is still a challenging issue because the mapping properties of the in-
volved linear operators are by far not trivial. One possible approach is the use of
mesh-dependent norms for the mixed method, see [3]. However, the analysis was re-
stricted to convex domains and, more severely, the resulting preconditioner requires
a preconditioner for a matrix which can be interpreted as a discretization of a dif-
ferential operator of order 4. In [25] preconditioners were studied which require only
standard components, motivated by a reasonable trade-off between optimality (in the
sense of mesh-independent convergence rates) and practicability. For the boundary
operator formulation preconditioning was studied in [23] quite in the spirit of oper-
ator preconditioning, see, e.g., [15] and [18] for a general discussion of this concept.
The preconditioner proposed in [23] leads to mesh-independent convergence rates for
convex domains.

The aim of this paper is to fight for both optimality and practicability without
convexity assumptions. We will extend results from [23] for the reduced problem in
A and show some preliminary results on a class of preconditioners for the original
(non-reduced) mixed formulation in y and w.

The paper is organized as follows. In Sections 2 and 3 the mapping properties are
analyzed for the mixed and the reduced formulation, respectively. After discussing
the discretized problems quite in the spirit of the analysis of the corresponding con-
tinuous problems in Section 4, the main results on preconditioning are developed in
Section 5. A few numerical experiments are presented in Section 6 for illustrating the
theoretical results, followed by concluding remarks in Section 7. Some technical de-
tails on harmonic extension operators needed for the analysis in the previous sections
are collected in an appendix.

2. The Ciarlet-Raviart method. Here we shortly recall known results on the
original mixed formulation and its modification in [4].

2.1. The original method. We consider the following standard mixed varia-
tional formulation for (1.3): For f € H=1(Q), find u € HY(Q) and y € H}(Q2) such
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that

/uv dx f/Vway dr =0 for all v € H' (),

(2.1) @ @

—/Vu~Vz dx = —(f,z) forall z€ H}(Q).
Q

where V denotes the gradient. This problem has the typical structure of a saddle
point problem:
a(u,v) +b(v,y) =0 for all v € V,
b(u, z) =—(f,z) forallze@
for the Hilbert spaces
V=H"(Q) and Q= H}(Q)

and the bilinear forms
(2.2) a(u,v) = / uv dr and b(v,z) = —/ Vv -Vz dz.
Q Q

If the linear operator A: X — X* with X =V x @Q is introduced by

<A m : BD = a(u,v) + b(v, y) + b(u, 2),

the mixed variational problem (2.1) can be rewritten as a linear operator equation

AL ==l

Observe that the bilinear form a is symmetric, i.e., a(u, v) = a(v,u), and non-negative,
i.e., a(v,v) > 0. In this case it is well-known that A is an isomorphism from X onto
X*, if and only if the following conditions are satisfied, see, e.g., [5]:

1. a is bounded: There is a constant ||a|| > 0 such that

la(u, )| < llall ully lolly for all u, v € V.
2. b is bounded: There is a constant ||b|| > 0 such that
b(v,2)] < [l [ollv llzllq for allve V; = € Q.
3. a is coercive on the kernel of b: There is a constant o > 0 such that
a(v,v) > aljv||} for all v € ker B
with ker B={w € V: b(w,z) =0 for all z € Q}.

4. b satisfies the inf-sup condition: There is a constant 5 > 0 such that

inf  sup 7b(v,z) > .

ozzeozvev vllv [I2llq

Here || - ||y and || - || denote the norms in V' and @, respect. We will refer to theses
conditions as Brezzi’s conditions with constants ||al|, ||b]|, o, and 3.

For (2.1) one of these conditions is not satisfied: the bilinear form a is not coercive
on ker B. Nevertheless, for convex domains 2, existence of a unique solution and error
estimates could be established, see, e.g. [8], [24], [9], [3], and many others. But even
for convex domains, and the more for non-convex domains, not having an isomorphism
makes it hard to develop efficient preconditioners.
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2.2. The modified method. In [4] it was proposed to replace the space H!(Q)
for the unknown u by the following Hilbert space of less regularity

H ' (AQ) ={veL?(Q): Ave H'(Q)},

equipped with the norm

2 2 \1/2
[oll—1,a = ([[0ll§ + [[Av]|Z,) 7.
Here Av denotes the application of the Laplace operator to v in the distributional
sense. The original space H!() is a proper subset of the new space H1(A, ). This
requires to extend the definition of the bilinear form b accordingly by

b(v,z) = (Av, z),

which, of course, coincides with the original definition for v € H'(Q). Then the
extended version of (2.1) for this larger primal space reads: For f € H~1(Q), find
ue H YA, Q) and y € H} () such that

/uv dx + (Av,y) =0 for all v € H™ (A, Q),
(2.3) Q

(Au, z) = —(f,z) forall z € Hj(Q).

We recall the following result from [4].
THEOREM 2.1. The bilinear forms a and b, given by

a(u,v) = /qu dr and b(v,z) = (Av,2)

forV.=HYA,Q) and Q = H(Q) with the norms ||v|v = ||v]|-1.a and ||z|lg = |q|1
satisfy Brezzi’s conditions with the constants

lall =llbl =a=1 and B=(1+c})""?

where cp denotes the constant in Friedrichs’ inequality: ||v]o < cp|v|1 for all v €
HYQ).

The problems (1.2) and (2.3) are fully equivalent for convex as well as for non-
convex polygonal domains, since both problems are uniquely solvable and it is easy to
see that (u,y) with u = —Ay solves (2.3) if y € H3(Q) solves (1.2). This has already
been recognized in [4] in the context of the Stokes problem.

REMARK 1. Analogous results follow for the second biharmonic boundary value
problem, whose boundary conditions are given by u = Au =0 on I'. Its primal varia-
tional formulation is identical with (1.2) with H3(Q)NHE(Q) fory, z instead of H3 (L),
its original mized variational formulation is identical with (2.1) with H}(Q) for u,v in-
stead of HY(2). One obtains a mized variational formulation which is fully equivalent
to the primal variational problem by using Hy '(A,Q) = {v € H™Y(A,Q): 4% = 0}
for u,v instead of H}(SY), see Section 4 for a discussion of the trace operator 4°.

3. Reduction to a boundary operator equation. Next we want to reduce
the variational problem (2.3) for y and u to a variational problem for the trace A of u
only. For this we need two decomposition results. The first decomposition is closely
related to results in [2]. The focus here is the formulation in the framework of space
decompositions.
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LEMMA 3.1. H7Y(A,Q) = H(Q) & 5(Q) with

H(Q) ={veL*Q): Av =0},
where & denotes the direct sum of Hilbert spaces, whose canonical norm is given here
by

||(U07U1)||§15(Q)@4#(Q) = Jvol{ + [lv1[f5-
In details, for each v € H=Y(A,Q), there is a unique decomposition
v=wy+v1 with vy € HYQ) and v, € (),
and there are positive constants ¢ and ¢ such that
¢ (vol} + [[oa]3) < o118 <2 (o2 + onl)  for all v e H-H(A, ).

The constants ¢ and € depend only on the constant cg of Friedrichs’ inequality.
Proof. For v € H™Y(A,Q), let vo € HE(2) be the unique solution to the varia-
tional problem

(3.1) / Vo - Vz dr = —(Av, z) for all y € Hy (D).
Q

By taking the supremum over all z € HE () we obtain |vg|y = ||Av]|_1.

For v1 = v — vy, we have Avy = Av — Avg = 0 in the distributional sense. Hence
v1 € (). On the other hand, if v = vg+v; with vg € H}(Q) and v; € (), then
—Avg = —Av+ Av; = —Aw, which is equivalent to the variational problem (3.1). So,
v is the unique solution of (3.1).

Furthermore, we have

lol21,a = Ill5 + |1 Av]2y = [Jvo + vall§ + [vol?

< 2|Jvoll§ + 2 [lorll§ + lvolt < (2¢5 + 1) [vol§ + 2]Jv 13

and

[voff + [lvill§ = lvolf + o = vollg < lvol + 2 [ll§ + 2 flvoll3

< 2|wlf§ + (2¢5 + 1) [volt = 2]Jvl[§ + (2¢k + 1) | Av]|2,;.

Then the estimates immediately follow with 1/c = ¢ = max(2,2c% + 1). O
NOTATION 1. For estimates of the form

cfa(x) < fi(z) < fo(x) forallx € H,

where f1 and fo are mon-negative functions, with some positive constants c, ¢ inde-
pendent of v € H and, later on for discretized problems, also independent of the mesh
size, we shortly write

fi(x) ~ fa(x) for allxz € H.

If f1(z) = (Myz,z), folz) = (Maz,x) for symmetric and positive definite matrices
My, My € R™™™ with H = R"™, we use the simplified notation My ~ Ms.
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With this notation the estimates in the last lemma can be written as
[0]21 A ~ [volf + [[oa]lg for allv € H(A, Q).

COROLLARY 3.2. For allv € H™Y(A,Q), we have v|,, € H () for all open
sets Q' with QO C Q.

Proof. We use Weyl’s lemma to conclude that J2(Q) C C*(Q). Then the
statement immediately follows from the decomposition pv = pvg + vy for a test
function ¢ € C§°(92) with ¢ identical to 1 on €. O

For the description of a further decomposition of J#(€)) we need trace and exten-
sion operators for H (A, ).

The properties for the trace operator are well-known and shortly summarized
here, they easily follow from the results in [14], [13]. The boundary T" of the polygonal
domain €2 can be written as

Q/

K
I =TcUlE with FE:UFk,
k=1

where ' denotes the set of all corners of I and I'y,, k = 1,2, ..., K, are the edges of
T, considered as open line segments. The trace operator 4%, given by

’YO’U = (’yl(c)v)kzl ’’’’’ K with ')/21] = U|Fk
for smooth functions on Q, has a unique continuous extension as an operator
70 HHA Q) — Hy/2(0) = T HV2(Ty),

where H=Y/2(T},) is the dual of HY/2(T'},), see [19] for details. (Another widely used
notation for HY/2(T') is Ha)*(T'y), see [17].) The standard norm in H~/2(T) is
denoted by |[.|[-1/2,r,- The norm in H];j/z(l"), denoted by |- |12, is the canonical
product norm of its factor spaces, given by

K
HMH%I/Q,F = Z “Mk||31/2,rk, for u = (pr)k=1,..x € Hp_u}/2(1—‘)‘
k=1

NOTATION 2. For the notation of norms or duality products for functions on the
boundary T' or some edge 'y, we explicitly use T' or 'y as subscripts. A subscript
pw (piecewise) is used for spaces of functions on T which are products of spaces of
functions defined on the edges I'y for k > 1. For simplicity we omit this subscript
for the corresponding norm. A subscript h (mesh size) is used for mesh-dependent
norms.

The intersection of the kernel of 4° and J#(Q), given by

(3.2) N =kery" N#(Q) = {v e L*(Q): Av =0 and 7% = 0},

is known to be finite dimensional. The dimension of N is equal to the number of
reentrant corners of €, see [14], [13].

The existence of an extension operator and its properties, which are well-known
for convex or smooth domains, will be extended to general polygonal domains in the
next theorem, see the appendix for the proof.
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THEOREM 3.3. There is a linear operator
E°: H,,/*(I) — H™'(A, Q)

which is a right inverse of 4O with the following properties:
1. im E° C 2#(Q)), where im L denotes the image of a linear operator L.
2. A(Q) = im E° L N, where the symbol L denotes the L*-orthogonal decom-
position.
3. IE°ullg ~ Il 1o, p for all p € Hyu™(T).

The first part means that E° can be viewed as a harmonic extension operator, the
second part contains the required decomposition result, and the last part shows that
E° is an isomorphism between the trace space and its image. The existence of the
right inverse £ immediately implies that the trace operator v° maps from H (A, Q)

-1/2
onto Hpy' “(T).
Lemma 3.1 and Theorem 3.3 allow the following reduction of (2.3):
THEOREM 3.4. Let u € H 1 (A,Q) and y € H}(Q) be the unique solution of

(2.3). Then A =~ u € Hp_u}/Q(l") is the unique solution of the variational problem

(3.3) /QEO/\ Eu dx = —/Quo E’u dx  for all p € H];U}/Q(F),

where ug € Hy () is the unique weak solution of the Dirichlet problem for the Laplace
operator, 1i.e.

(3.4) /QVUO Vzdr=(f,z) forallzec H}Q).

Proof. From Lemma 3.1 and the second part of Theorem 3.3 it follows that there
is a unique elements ug € H(Q) such that u = ug + E°A +n  for some n € N. The
second line of (2.3) simplifies to (3.4), since A(E°A+n) = 0 according to the first part
of Theorem 3.3. (3.3) follows from the first line of (2.3) for test functions of the form
v = E° with p € Hp/?(T), since E% is orthogonal to n according to the second
part of Theorem 3.3. Using the third part of Theorem 3.3 the well-posedness of (3.3)
follows from the theorem of Lax-Milgram. O

This generalizes the boundary operator equation, formulated in [11] for smooth
domains €2, to the case of general polygonal domains 2.

4. Discretization. Let 7, be an admissible triangulation of the domain 2. We
proceed as usual to construct a conforming finite element space for approximating
H~Y(A,Q) by choosing piecewise linear functions which lie in this space. From Corol-
lary 3.2 it immediately follows that a piecewise smooth function lies in H (A, Q) iff
it is continuous. This leads to the standard finite element space

Sh(Q) = {Uh S O(ﬁ) 'Uh|T € Py forall T € ITh} R
where P; denotes the set of linear polynomials. Additionally we introduce
Sh,(](ﬂ) = Sh(Q) n H& (Q)

Using Sp(2) and Sj,0(Q) as approximation spaces for H—1(A, Q) and H} (1), re-
spectively, we obtain the following conforming finite element method for (2.3): Find
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up € Sp(Q) and yp, € Sh,o(Q) such that

/ up vy, dx - / Vo, - Vy,, de =0 for all v,, € §,(),

(4.1) @ @

— / Vuy, - Vzy dx = —(f,zp) forall z;, € Sp ().
Q

Observe that S, (Q) C H'(Q). Therefore, the definition (2.2) of b can be used. This
is exactly the original discrete problem studied in [8]. So, on the discrete level, there
is no direct influence of the use of H (A, ) for u,v instead of H(£2).

Analogously to Theorem 2.1 the well-posedness of the discrete problem can be
shown.

THEOREM 4.1. Brezzi’s conditions are satisfied for (4.1) on the discrete spaces
V =8,(Q) and Q = Sp () and the norms ||v||v = ||v]l=1,a.n and ||znllo = |znl1,
where

1/2 . L,z
lonl—ram = (o2 + 1Av 20 ) with [ip= sup 1ozl
n€Sno(Q)  12nl1

with the same constants as in Theorem 2.1 for the continuous problem (2.3).
Proof. The proof follows the corresponding proof in [4] for the continuous problem.
1. Let up, vy € Sp(2). Then

|a(un, vn)| < llunllo [vnllo < llunll-1,a.nllonll-1,4,n-
2. Let vy, € Sp(Q), zp € Sp0(2). Then
[b(vn, zn)| < |Avh[l-1,n [20]1 < llonll-1.a.n 2n]1-
3. Let vy, € ker By, = {wy, € Sp(Q): b(wp, z,) = 0 for all z;, € Spo(Q)}. Then
a(vn,vn) = onllg = llvall2 1A p-
4. Let 0 # zp, € Spo(2). Then

b b(— i
“up (Un, 2n) (=2n,2n) _ lanli >

2 71/2
> = > (cp+1) |21
o£onesn(@) vnll-1,an — llzall-1,an 20l

0

Observe that the norms introduced for the space H~1(A,) in (2.1) and its discrete
counterpart Sp(€2) in (4.1) are similar but different. For the discrete problem the
norm is mesh-dependent.

The actual computations will be performed in matrix-vector notation. We will
now rewrite (4.1) in this way. Let v, and z;, be the coeflicient vectors of vj, € Sp(2)
and zp, € Spo(€2) with respect to the nodal bases in these spaces, respectively. The
splitting into interior nodes and nodes on the boundary I' induces a corresponding
block structure of v,,:

Yo
o [MJ |

The mass matrix M} and the stiffness matrix Kj, representing |- [|o and |-|; on S,(Q),
respectively, can be partitioned accordingly:

MOO M01 KOO K01:|

h {Mlo Mn} o h {Km K
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Then the variational problem (4.1) reads in matrix-vector notation

Mo  Mor  —Koo| |Uno 0
(4.2) My My —Kp||A|=]0
Koo —Kor 0 Y, —f,

A reduction of this block system to a single system for A, can be easily achieved
by eliminating w;, , and Y, using the third and the first block line, respectively. This
leads to

(4.3) Shdn =g,
with
Sp = M1 — Mo Koo' Koy — K1gKgg Moy + K10 Kqo' Moo Koo' Koy
and the right-hand side
9, = (KloKo_olMoo - M1o) K&Jlih'

The matrix Sy, is known as a Schur complement of the block system.

As in the continuous case the reduction to the boundary can also be done by
a decomposition result for the finite element space Sp,(€2), which reveals some extra
structural information of the Schur complement matrix.

We start with the following discrete version of Lemma 3.1.

LEMMA 4.2. §p,(02) = S3,,0(2) & 74,(Q2) with

H4,(Q2) = {vp € Sp(Q): / Vuy, - Vzp, de =0 for all z, € Spo(Q)}.
Q

In details, for each v, € Sp(QY), we have the following unique decomposition:
vp =Tpo +0p1 with po € Spo(QY) and vp1 € I6,(Q)
and
lonll2 1,8 ~ |on0lT + 001 1l5  for all vn € Sp(€2).

with the same constants as in Lemma 3.1.

The proof of this lemma is a complete copy of the proof in the continuous case
and is, therefore, omitted.

Observe that, for vy, € S,(€2), the decompositions in Lemma 3.1 and Lemma 4.2
are different, in general. The space 7 (12) is known as the space of discrete harmonic
functions.

Next we introduce the trace space of functions from S, () by

Sh(F) = {Mh = ’Uh|FI Up € Sh(Q)}

For each pj, € Sp(I"), there is a unique element v, € S, (Q2) with Uh‘r = up, and

/ Vup -Vzp de =0 forall z;, € Sh,o(Q).
Q



10 WALTER ZULEHNER

The associated mapping Ej: Sp(T') — J4,(Q), pp — vy is the well-known discrete
harmonic extension. In matrix-vector notation, this mapping reads

By, Uy, = |:E]91:| By with Fgp; = —K501K01.
Here p, denotes the coefficient vector of i, with respect to the nodal basis of S, (I).
It is easy to see that Fj, is bijective.

Analogously to Theorem 3.4 we now obtain

THEOREM 4.3. Let up, € Sp(Q) and yp, € Sp0(2) be the unique solution of (4.1).
Then \p, = uh}r € Sp(T) is the unique solution of the variational problem

(4.4) / EpAp Eppy, de = —/ Up,0 Enpe dx for all p € Sp(T),
Q Q

where Up,o € Sp,0() is the unique solution of the discrete variational problem

/ Vi - Ve de = (f,zn) for all z;, € Sp0().
Q

The proof, which is completely analogous to the continuous case, is omitted.
Moreover, as already observed in [23], it is easy to show that the matrix repre-
sentation of the bilinear form on the left hand side in (4.4) is the Schur complement

Shi
(45) /QEh)\h Ehﬂh dxr = <Sh Ah’ﬁh> for all Y W € Sh(F)

5. Preconditioning. Starting point for the construction of a preconditioner for
(4.2) is Theorem 4.1, which shows the well-posedness of the discrete problem with
respect to the norms || - ||—1,a,, and | - |1, whose matrix representations are given by

. K _
lonllon = el with P =My + [ 100) Kt oo o) and fonh = [zl

Here the following notation is used:

NOTATION 3. For a positive definite matrix M € R™ ™ the associated inner
product is given by (x,y)pr = (Mx,y). Both the vector norm and the matriz norm
associated with the inner product (-,-)pr are denoted by || - ||ar-

Therefore, as a consequence of Theorem 4.1 the spectrum of the preconditioned
matrix P, LA, with

p 0 Mo Moy —Koo
Prn = [ Oh K ] and Ap=| My M —Kio
00 —Koo —Ko1 0

is bounded away from 0 and oo uniformly with respect to the mesh size h. The
application of this preconditioner requires an efficient method for multiplying P, !
with a vector, which in general is too costly. In practice, the blocks P, and Ky are
replaced by efficient preconditioners P, and Koo leading to a practical preconditioner

(5.1) Pp = ﬁ” f(OOJ .
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Standard multilevel or multigrid methods are available for Koo. Therefore, we will
concentrate on the construction of an efficient preconditioner P, for Pj.

Lemma 4.2 gives a first hint for preconditioning P,. In matrix-vector notation it
states that

N N Yy,
el ~ 1ol + 12l for o, = [0
By,

with

. _ v N —K 'K,
th = [I K001K01] |:ZZ’O:| and yh,l = |: O? 01:| Eh’
Eh

which, by elementary calculations, leads to

P I 0] [Koo O[T Ky'Ky
UK Ky I[ | 0 Skl |0 I |

This motivates the use of preconditioners of the following form

s 1 0] [Koo O0][I —Ey
PTI=EL 1[0 S0 T

with three essential components KOO, Sh, and E01 It is reasonable to choose the
same preconditioner for K 00 in Ph as in Ph Candidates for Sh are preconditioners for
Sh. The third component E01 is considered as an approximation of Fo; = — Ky Ky -
The associated mapping Ej, : Sp(I') — Si(9), given by

Eoy
By = { I ] By

can be seen as an approximation to the discrete harmonic extension Ej,.
Preconditioners of this type have been intensively studied in the context of domain
decomposition methods. A typical result reads, see [20] for the proof.
THEOREM 5.1. Assume that Koo ~ Koo, Sy, ~ Sy, and that there is a positive
constant such that
E
e

2

< cllu, N5,  for all .
Py,

Then Ph ~ Ph.
Observe that the last condition translates to

(5:2) 1En |21 ap < | En g for all p, € Si(T),

i.e., the approximate harmonic extension has to be bounded with respect to the given
norms.

Next we discuss the choice of the two remaining components S’h and E'01.
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5.1. Schur complement preconditioning. The mapping property of Sy is
contained in the following theorem, which does not rely on any convexity assumption.
This generalizes a result in [23], where the convex case was considered.

THEOREM 5.2. For the norm || - ||_1 /2,0, in Sp(82), given by

||Nh“%1/2,F,h = |‘Nh‘|31/2,r +h HMhHaD

we have
(5:3)  (Snpys ) = IEnpnlld ~ lnll® 1 jo v + TN En pnll5 - for all pn € Sp(T),

where Iy is the L?-orthogonal projection onto N, see (3.2).

Proof. We closely follow the proof in [23] and denote the classical harmonic
extension operator as a mapping from H'/?(T") onto H'(Q) by E', see the appendix
for details. The symbol ¢ is used as a generic constant, which might change its value
at each appearance.

For uj, € Sp(Q) € HY?(T), let v = E'py, € HY(Q) and vy, = Eppn € Su(2) be
its harmonic and the discrete harmonic extension, respectively.

For v* = (I —y)v and v; = (I —Ilx) vy, there exists z € H2(Q) N Hg(Q) with
v*—v} = Az, since im(/—IIx) = im A for the Laplace operator A: H2(Q)NH () —
L2(Q2), see (7.3) in the appendix. Then we have

lvi, = v* 113

_/Q(U;;_v*)Azdxz—/(vh—u)Azdx

Q

= [ V(op—v)-Vzdex= | V(vpb—v) -V(z—z) dz
Q Q

for an arbitrary element z, € Sp0(€2). The last identity follows from the Galerkin
orthogonality. Therefore, for the pointwise interpolant zj, of z, we obtain

v = v* 1§ < lvn —vl1lz — zul1 < chvli[2ll2 < chllpnlliy,r o5 — v* o,

using the approximation property of Sy () for functions in H?(Q2) and the mapping
properties of E' and A. This implies

[, = vllo < el lpnllajar < eh? o
by using an inverse inequality for the second estimate. Furthermore,
[v*]lo = |1 = TIN) B pnllo = 1 E®unllo < ellpnll-1/2,r,
see Theorem 7.2 in the appendix, and Theorem 3.3, part 3. Therefore, we obtain
(T = T00) Bupnllo = e llo < o™ llo + 105 = v*llo < & (Ianll-1 o0 + B o)

With || Eppn |2 = [[(I —Tn)Enpn |3 + [Ty Ep s |2 the second estimate easily follows.
For the first estimate we start with

[Enpnllo = llonllo = villo = [lv*llo = llvh, = v™llo = ¢ (Huhllfl/z,r ~ '’ ||uh||o,r)

Using the inverse inequality ||vp|lo > ¢h'/? ||unllo,r and || Enpnllo > [Ty Enpnllo, the
first inequality easily follows. O
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In order to construct a preconditioner for S;, we start by first considering the
term ||pn]|—1/2,r,n in (5.3) only. A preconditioner for this norm, i.e. an easy to invert
approximation to the matrix representing this norm, was already proposed in [23]
based on preconditioners for || - ||_1/2r,, & > 1. We follow this idea but replace the
preconditioner for [ - |[_1/2,r,, for which FFT (fast Fourier transform) was used in
[23], by a simpler standard multilevel preconditioner of the type as analyzed in [16].

For this, let Ty, £ =0,1,2,..., L be a hierarchy of uniformly refined subdivisions
of © of mesh size hy with T, = 7}, with associated finite element spaces Sy(f2) of
continuous and piecewise linear functions and their trace spaces Sp(I'). Furthermore,
let S¢(T¢) and Se(T'g) be the linear span of all nodal basis functions from S;(T")
associated with nodes from I'c and from I'g, respectively.

Then the proposed preconditioner is of additive Schwarz type, given by

L
~(0 —1
(Sf(z )) =h,RopAcL Rg,L + Z hy Rg o Ap ngg.
=0

Here Rc,;, and Rg ¢ denote the matrix representations of the canonical embeddings of
S (T¢) and S¢(T'g) into Si(T'), respectively. The matrices Ac , and Ag ¢ are given
by

r—1 r—1 —1 —1
Ao, = MC,L KC,L MC,L’ Apy = ME,Z KE,e ME,Z?

where MC, . and M E,¢ are the matrix representations of the discrete version of the
norm || |lo,r which results from the elementwise use of the trapezoidal rule on Sp,(T'¢)
and Sy(T'g), respectively. K¢ and Kp, are the matrix representations of the norm
|- |1i,r on Sp(T'¢) and S¢(T'g), respectively, where this norm is given by

K
lunl3r = Z/ |Vr, pn|* ds  with the tangential gradient Vr, .
k=17Tk

Observe that the boundary mass matrices MC, r and M g, are diagonal. So, the
application of the preconditioner requires only the multiplication by boundary stiffness
matrices K¢,z and Kg ¢ and some componentwise scaling on each refinement level.

Now we have R

THEOREM 5.3. ”“h||2—1/2,r,h ~ <5§LO) thﬁh> for all pp, € Sp(T).

Proof. Each part of the proof is based on fairly standard arguments from [23],
[22], [16], and [12]. We just have to put known things together.

First of all, for the decomposition S.(I') = Sy (T'c) @ Sp.(I'r) we obtain

el joen ~ b llpcllsr + leslZyjor

for all nr € SL(F) with pur, = po + pe, po € SL(Fc), LE € SL(FE), see [23],
Proposition 7.5.

Next, using the multiscale representation of the norm || - ||_1 /2, from Theorem
4 in [22], following the main idea from [16] and replacing the norm || - ||o,r, in this
representation by the norm h;l Il - ll=1,r,, and applying Proposition 3 from [12] one
obtains

L L
lel121 o ~ inf {Z hy el aps e =) e, pe € Se(FE)}

£=0 £=0
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for all pp € S(T'g), where || - | 1,r denotes the canonical norm in H,, (T).
Finally, using

HW||2—1,F ~ <AE}eﬂaﬂ> for all y1p € Se(T'g)

from [16] and

h, ||.UC||3,F ~ hzl <AE,1L Hcagc> for all uc € Sp(T'e),

which follows from a simple scaling argument, we obtain a stable space decomposition,
whose associated additive Schwarz operator is S’,(lo). ]

For studying the term ||IIy E}, pp||g in (5.3) we assume that a basis {s1,...,s;}
of N is known. Then we have

ITnonllg = (M, My My, v,,05)

with the mass matrices

MN:</sisj dsc) and MNh:(/sigoj dw),
Q Q

where {¢1, @2, ..., @} denotes the nodal basis of Sy, (€2). Hence
Tn Ep |2 = ( M5, Mt M Eo Eo (U M=1UT
NEn pnllo = A MNR My Myn || B | | By ) = \UnMN Uty 1y,

with U, = [E; I] M}Y,. Observe that the rank of U,My'UF is equal to the
dimension of N, i.e., the (fixed) number of reentrant corners.
So, in summary, we obtain

(St i1,) = 1 Bwpnlld ~ ([ + VMG U] o, ) for all € Su(T),

which completes the proof of
THEOREM 5.4. S, ~ S with § = § 4 U, My UL,
Furthermore, we have

(Sﬁl)flﬁh = [I - V,,(My + ULVi) " UF] (S‘ff’))flgh with V, = (520))*1 U,,

by the Sherman-Morrison-Woodbury formula. The matrix I —V, (My +U'V},) UL
has to be computed only once and the computational costs are rather low for domains
with a small number of reentrant corners. This makes SA,(LI) an efficient preconditioner
for Sh.

REMARK 2. Instead of using a basis {s1,...,s;5} of N, which is hardly known in
practice, it suffices to use a basis {81,...,8;} of a space N as long as imA® N is an
L?-stable decomposition. Such a basis is known and consists of functions of the form

55(rj,05) = n(ry) 15/ sin((w;/7) 05).
Here (r;j,0;) denotes the polar coordinates centered at a reentrant corner with internal
angle w; spanned by 0; = 0 and 0; = wj, and n(r;) is a cutoff function which is
identical to 1 in a neighborhood of the corner, see [14], [13].
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5.2. Approximate discrete harmonic extensions. The evaluation of v, =
E} pp, where Ej, is the discrete harmonic extension requires the exact solve of the
linear system

Koo vpo = —Ko1 .

If instead we use an inner iteration by performing r steps of the Richardson method
with preconditioner Ky and initial guess 0, then we end up with an approximate
harmonic extension E,(f), given by

E(T) : fa(r) - —1 r
= |y, with B = |1— (I Ky Koo) ]Em.

(For r = 1 we simply get E((ﬁ) = —IA(&Jle.) We will now show that this approxi-

mate discrete harmonic extension satisfies the third condition of Theorem 5.1 under
reasonable assumptions.

LEMMA 5.5. Assume that the inner iteration converges in the corresponding
energy norm with a convergence rate q¢ < 1 which independent of h, i.e.

11— Koo Kooll oo < 4-

Then, for r = O(|Inh|), there is a constant ¢ such that

IES wll 1o < | Bupnllo for all py, € Sp(T).

Proof. For all up € Sp(T"), we have

IEY wnll-1.am < 1B pnll-1.am + 1B = En) pnll 1o
= || B pnllo + 1B — En) pnlln
<||Bn unllo + (& + D)V (B — En) pnls-

Now it easily follows that

(B = Bn) = I(ESY = Eor) |l = (1 — Ko Koo)" Eor g, | 5o
< q" | Bor p, llicoo < " 1En pnly < cq"h™" | By pnlo-

If r = O(]In hl), the factor ¢"h~! is uniformly bounded, which completes the proof. O

6. Numerical experiments. We consider the following simple biharmonic test
problem:
0
A’y =f inQ, y:—y:O onT
on
on two domains, the square Q = Qg = (—1,1)? (representing the convex case) and
the L-shaped domain ©Q = € depicted in figures 6.1 and 6.2, where also the initial
mesh (level £ = 0) is shown. The right-hand side f(z) is chosen such that

y(z) = [1 — cos(2mz1)] [1 — cos(4mzs)]
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Fic. 6.1. Q = Qg FIc. 6.2. Q = Qp

is the exact solution to the problem. The initial meshes are uniformly refined until
the final level ¢ = L.

We will present numerical results demonstrating the quality of the preconditioners
S’,(IO) and (in the non-convex case) S’}(ll) for S, and the preconditioner Py, for Ap.
The Schur complement preconditioners were tested by applying the preconditioned
gradient (PG), the conjugate gradient method (CG) and its preconditioned variant
(PCG) to (4.3), the method of choice for (4.2) was the preconditioned minimal residual
method (PMINRES). In all experiments a reduction of the Euclidean norm of the
initial residual by a factor of 10~ was used as stopping criterion for the iterative
methods, where the initial guess was chosen randomly out of the range spanned by
the corresponding exact quantities.

For the preconditioner f(oo, which is used as first diagonal block in Ph, as the last
diagonal block in 7511, and as preconditioner in the inner iteration for the approximate
discrete harmonic extension, we always choose one multigrid V-cycle with one step of
forward and backward Gauss-Seidel smoothing. The action of the exact inverse Ky,
as needed for S;, and for the exact discrete harmonic extension Ej, was realized by
applying an inner iteration with 10 V-cycles. The preconditioner S 21) was constructed
with the modification as described in Remark 2.

Table 6.1 shows the observed number of iterations for (4.3) in the convex case
Q) = Qg. The first column contains the level L of refinement. The next three columns
show the results for CG, for PG and PCG both with the preconditioner S'}(LO).

TABLE 6.1
Number of iterations for (4.3), Q= Qg (square)

‘| cc | pc | pea |
6| 66 7 20
7 o 7 21
s | e | 21
o | 17 | 7 20

As expected the number of iterations grows for CG without preconditioning if
the mesh size decreases. The second column shows that the preconditioner alone with
PG already leads to convergence rates which are uniformly bounded in h. Of course,
the use of this preconditioner in PCG results in a further reduction of the number of
iterations.

Table 6.2 shows the results for the L-shaped domain {2 = €, representing a non-
convex case. The second and third columns contain the numbers of iterations for PG
with the preconditioners .SA'}(LO) and S ,51), respectively, while in the next two columns
the corresponding results for PCG are shown.
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TABLE 6.2
Number of iterations for (4.3), Q= Qg

[ raE™ [ rad?) [rocE?) [poai?)
6 337 104 24 22
7 427 114 925 23
8 385 114 26 23
9 457 110 25 23

By comparing the second and the third column one sees that S’él) performs sig-

nificantly better as a preconditioner in PG than S’,(IO), as expected from the analysis.
Nevertheless, as seen from the fourth column, PCG works well for the non-optimal pre-
conditioner S ,(LO). A relevant further improvement by using the better preconditioner

,SA',(IO) in PCG was not observed. This important feature was observed here experi-
mentally and is not yet supported by analysis. If confirmed, this would considerably
contribute to practicability, in particular, for a possible extension to three-dimensional
problems, see the concluding remarks.

Finally, Table 6.3 shows some preliminary results for preconditioning the non-
reduced system (4.2), whose total numbers n of unknowns are shown in the second
column. PMINRES was applied to the L-shaped domain €2 = €, for preconditioning
the Schur complement the non-optimal preconditioner S ,(10) was used. The third and
the second columns contain the results if using the costly exact discrete harmonic
extension Ej and the less costly approximate version Efp with 7 inner iterations,
respectively. The chosen value of 7 is shown in parenthesis in the fourth column.

TABLE 6.3
Number of iterations for (4.2), Q= Qg

(L] 7 | PMINRES(E,) | PMINRES(E]") ]
1 1533 16 13 (3)
5 6 146 45 48 (3)
6 24 578 43 A7 (4)
7 98 306 43 48 (4)
8 303 218 44 46 (5)
9 1 572 866 44 56 (5)

It can be seen that a modest increase of the number r of inner iterations keeps
the number of iterations in the range of the observed number of iterations if using the
costly exact discrete harmonic extension. This is in accordance with Lemma 5.5.

7. Concluding remarks. Efficient Schur complement preconditioners were de-
rived and analyzed for convex and non-convex polygonal domains, respectively. There
is experimental evidence that S ,(LO) works also fine for non-convex polygonal domains in
combination with a Krylov subspace method (PCG for (4.3) or PMINRES for (4.2)).
This is specially advantageous for a possible extension to three-dimensional problems,
where S’fbl) would be much harder to construct. Preconditioning the reduced system
(4.3) has, therefore, reached a satisfactory state. Observe, however, that the compu-
tational costs for evaluating one residual for (4.3) is relatively high, since it requires
the application of (an accurate approximation of) the discrete harmonic extension Ej,
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twice.

The situation is less clear for the non-reduced problem (4.2). Here the evaluation
of the residual is computationally inexpensive. The computational costs for applying
’ﬁh depend mainly on the choice for E,. If B, = E},, the computational costs of
one step of PCG for (4.3) and one step of PMINRES for (4.2) are roughly the same.
The number of iterations differ by a factor of about 2, see Tables 6.1, third column
and 6.3, last column, and so do the observed computing times, as expected. Possi-
ble improvements are to use symmetric indefinite preconditioners, see [25], based on
the same components as the proposed symmetric and positive definite block diago-
nal preconditioner, in particular with the same extension E), = FE}, in combination
of Krylov subspace methods such as GMRES. Another possible improvement is the
replacement of Ej by more efficient approximate discrete harmonic extensions. The
few numerical experiments with an inner iteration as shown in Table 6.3 already lead
to an improvement in computing time by almost a factor of 2. Efficient approximate
harmonic extensions are well-developed and understood as bounded operators from
Sn(T) € HY2(T) to H'(R), see, e.g., [20]. Here the challenge of future work is the
construction of efficient approximate harmonic extensions which satisfy (5.2).

Appendix: Harmonic extension operators. The trace space of functions
from H'(Q) is H'/?(T"). The well-known harmonic extension operator

E': HY?(Q) — H*(Q)

is given by the following variational problem: For u € HY/?(T), find v = E'\ € H'(Q)
such that U|F = p and

(7.1) / Vv-Vzdr=0 forall z€ H} Q).
Q

An essential property of E' is
|E'uf} ~ [|ullfjop  for all p e HYV(T),

where || - [|;/o,r denotes the standard norm in H'/2(T).
A harmonic extension operator

E°: HM*(T) — H (A, Q)

which is more appropriate in the context of this paper is given by the following
variational problem: For u € Hp_u}/Q(I‘), find v = E%u € im A such that %0 = p and

(7.2) / vAz drv = (u,y'z)r  for all z € H*(Q) N Hy(Q),
Q

with

K
(t,9)r =Y (s gr)ry for o= ()r=1,..x € Hp!*(T), g = (gi)k=1,...c € Hp[}(T)
k=1

where (-, -)r, denotes the duality product in Hp_u}/z(l“) X H;{UQ(F) and ~! is the trace

operator, given by
0z

'z = (2)k=1,..k Wwith iz = e for ze€ H*(Q)NH(Q).
k
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Here, H;{UQ(F) denotes the product space Hle H'Y2(I'y) and im A is the image of
the Laplace operator A: H2(Q) N HY(Q) — L3(Q).
For this definition of A, it is known that

(7.3) L*(Q) =imA L N,

which immediately implies that im A = N+ = im(I — ), [14], [13].

REMARK 3. For smooth functions on §) the right-hand side in (7.2) can be rewrit-

ten in a more traditional fashion as

(n,7'2)r = [ g% ds.
Variants of (7.2) are often called very weak formulations of the corresponding Dirichlet
problem for the Laplace operator.

In [10], page 184, this harmonic extension operator was studied for smooth and
for convex polygonal domains €2, however on a not yet appropriate trace space in
the case of convex polygonal domains. We will show now that E° is well-defined on
general polygonal domains.

THEOREM 7.1. For each p € H;J/Q(F), there is a unique solution v = E%u €
im(A) to (7.2) and

IE°ullF ~ il jop for all p € Hy/2(D).

Proof. For v = Aw with w € W = H?*(Q) N H}(Q), problem (7.2) coincides
with the second biharmonic boundary value problem for w, which is known to be

well-posed. For given u € Hp_lj / (1), let w,, be its solution. Then

lwpllz ~ | ullw~ for all p e H, /*(T),

where /,, denotes the linear functional on the right-hand side of (7.2), given by z —
(1,7 2)r

The trace operator y': W — PNI%F (T") is well-defined, bounded and surjective,
see [14]. Therefore, the bilinear form (z,u) + {(u,y'2)r is well-defined and bounded
on W x H;u} / 2(1"), and it satisfies an inf-sup condition. Therefore,

€llw= ~ Nl 1 /2r for all p € Hyy/?(T).
Using [|Aw||o ~ |lwl|2 for all w € H2() N H}(Q), we finally obtain
1E ullo = 1Awyllo ~ l€ullw~ ~ llpll-1/or  for all p € Hypy/*(L).

|

We have the following relation between E' and E° on the domain H'/?(T), where
both extension operators exist.

THEOREM 7.2. E%u = (I —TIy)E'u for all p € HY/?(T).

Proof. Both E°y and E') are harmonic and have the same trace p. Therefore,
E'y— E% € N, i.e., there is an n € N with E'y = E°u + n. Moreover, E%u € im A
by definition. From (7.3) it follows that n = Iy E*u, which implies E%u = Elpy—n =
E'y—TyE'p. O

Theorem 3.3 is a simple consequence of the last two theorems.

REMARK 4. For convex domains, N is trivial. Only in this case the two harmonic
extension operators coincide.
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