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Abstract

In this work the interior point method is considered for the numerical solution
of the obstacle problem. The scheme follows the predictor-corrector approach.
For the numerical realization the unknowns are approximated by using first order
finite elements. Results for several 2D examples are presented.
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Introduction

The unknown of the obstacle problem is the deflection of the membrane which
is stretched downward under an acting force and the deformation of which is re-
stricted from below by an obstacle. Mathematically this problem can be posed
as a constrained convex minimization problem, as a variational inequality, free
boundary problem or as a linear complementarity problem. The mathematical
formulations of this problem appears in many other applications: fluid filtration
in porous media, elasto-plasticity, optimal control and financial mathematics.

The formulations of the obstacle problem and existence of the solution have
been discussed in many works e.g. by G.Stampacchia, L.A.Caffarelli, A.Friedman.
Although there are results on the existence of the solution, it’s difficult to find the
analytical solution in general case. That’s why the effective methods of the finding
of numerical solution of this problem take important place in applications.

In this work we consider an interior point method for the approximate solution
of the obstacle problem. In chapter 1 we derive the mathematical model and
discuss the existence and uniqueness of the solution. This chapter is based mainly
on the works [3] and [4]. In the chapter 2 we construct the interior point method
for the obstacle problem when it’s considered as a minimization problem. In
the third chapter the algorithm for the implementation is formulated. We use
piecewise linear finite elements for the approximation of the solution. The part of
this chapter about the finite element error estimate is based on the work [8]]. And,

finally, we discuss numerical results of several examples.



Chapter 1

Mathematical modeling of the
obstacle problem

1.1 Statement of the problem

We consider the membrane problem, when an elastic membrane is attached to a
flat wireframe and force is acting on it only in vertical direction. By Q C R? we
denote the domain which is enclosed by the wireframe. We denote by v(x,y) the
deflection of the membrane. We choose the Cartesian coordinate system such that
the Oxy plane coincides with the plane of the wireframe, so v(x,y) =0 on dQ. We
assume that the rigid body which we call "the obstacle” in the following is placed
under the membrane. Denoting by y/(x,y) the surface of the obstacle we make
assumption that y(x,y) <0 V(x,y) € 0Q.

Total energy of the deformed membrane is :

where P(v) - is the potential energy and E(v) is the energy due to the external
forces. Assuming that the potential energy is proportional to the change of the

membrane’s surface area we can approximate it by using of Taylor expansion:

dv?  dv? 1
P(v) = I+ — +—do—pu(Q)~= [ |Vv|?d
)= [ 1+ 5 + 5 do-p@ =~ [ |V Pdo
2



1.2 Existence and uniqueness of the solution

here and in the following u stays for the Lebesgue measure. Then the total energy
is:
J(v) = %/Q vy P2 da)—/gfvda).
The “obstacle problem” consists in finding the equilibrium state of the mem-
brane, i.e. in minimizing the energy functional J(v), when the deflection of the
membrane is restricted from below by the obstacle. Then the set of admissible

deflections is given as :
K={veH}(Q)v>yae. inQ}.

We see that the K is not a linear set. Throughout this work we assume that y €
[*(Q)and f € H1(Q).

Thus, we come up with the following:

Problem 1.1.1 Given a bounded domain Q C R? and functions f € H 'andy €

L*(Q), find a solution u € H} such that
J(u) =minJ(v) VveK,

vek

where the functional J(v) : H} — R is represented by :
1 2
I0) =3 [ [VPdo - (f.v).
2Jo

1.2 Existence and uniqueness of the solution

For the existence and uniqueness of the solution of the problem (I.1.1)) we bring

here the following statement for more general problem:

Theorem 1.2.1 Let H be a Hilbert space, K C H be closed and convex, the con-

tinuous bilinear form a(-,-) : H x H — R be symmetric and coercive, i.e.

Ja>0: a(vy)>a|v|* veH,



1.2 Existence and uniqueness of the solution

and f € H*.
Then there exists unique solution to the minimization problem:
tofindue K :J(u) =minJ(v) VveKk,

veK

where the functional J : H — R is defined by
1
‘,(V) = Ea(va V) - <f7 V)‘
Remark Here (f,v) is the pairing between f and v, i.e. (f,v) = f(v).
Definition 1.2.2 The point y € K such that
lx=yl < llx—zfVze K

is called the projection of x onto K.

For the proof of the theorem we need the following lemma:

Lemma 1.2.3 [fK is closed and convex subset of a Hilbert space then each x € H

admits unique projection on K.

Proof of the lemma (1.2.3) Let d = inlg ||x —z||. Then we can find a sequence
ze

{m} €K: klim |nk —x|| = d. Since K is convex, for any 1, M, € {nN¢} it holds

L(Mm+ny) €K and
2

1
d? < Hx_ E(nm + M)
Applying the parallelogram law for Hilbert space:

I I?

2= 2 20— 1l = 10— 1l 42— 5 (04

Hence:

1700 = Thal® < 2l = | 4+ 2 e — 1| — 42,



1.2 Existence and uniqueness of the solution

From this it follows that {n;} is Cauchy sequence, and since H is complete, it
converges to an element y € H. And, since K is closed, y € K and ||x —y|| =d.
Now, let’s suppose that there are two projections y; and y; of the element x.

Then from the previous discussions it follows that :
ly1 =y2l* < 2flx = y1[I* +2lx = yal > — 4> = 0.
Therefore, y; = y,.1

Proof of the theorem We can consider the bilinear form a(-,-) as the
inner product in Hilbert space H, then the norm ||v||, = /a(v,v) is equivalent to
the given norm in H. By the Riesz representation lemma we can find an element
v* € H such that

(f,v) =a(v*,v)YveH.

Then

1 . 1 . 1
J() = 5alny) —a(vv) = 5|V == 5 v

Thus, the problem of minimization of J(v) reduces to finding of the projection of

-

v* on the closed convex set K. By lemma (1.2.3)) there exist unique projection,

therefore unique solution of the minimization problem.H

To apply this theorem for the problem (1.1.1) we need to show respective

properties of the set K and a(u,v) = / VuVvdo.
Q
Lemma 1.2.4 K is convex and closed.

Proof Let u,v € K. Thenfor 0 <t < 1:tu+(l—t)veV andtu+ (1 —t)v>
ty+ (1 —t)y = y. This shows convexity of K.

Now let {v;} € K be a convergent sequence. Since from the convergence
in V follows convergence in L*(Q), it contains an a.e. pointwise convergent

subsequence {vy,}. Let {v, } — v pointwise. Suppose that v is not from K.



1.3 Alternative equivalent formulations

Then there exist subset A C K : i(A) > 0 such that v < y on A, more precisely,

Je>0:v< y—e¢eonA. But then
/ Vi, — v|*dxdy > / vk, — v|*dxdy > €2u(A) > 0.
Q A
This contradicts to the above mentioned a.e. pointwise convergence. ll

a(u,v) = / VuVvd o is bilinear and symmetric. It’s continuous:
Q

| vuvvdo < lualvia < uliallvl.o
and it’s coercitivity follows from Poincaré-Friedrichs inequality:
AC(Q)>0: a(vv)= M%Q > C(Q)HVH%Q Vv € Hy.
Thus, we have all prerequisites for the following statement:

Theorem 1.2.5 Assume that 3ii € H& 2 i > yae. in Q. Then there exists unique
solution i to the problem .

1.3 Alternative equivalent formulations
1.3.1 Variational inequality

One of the most useful approaches to obtain the properties of the solution to the
problem (1.1.1)) is using its equivalent formulations by variational inequality. The

problem (I.1.1]) can be reformulated as follows:
Problem 1.3.1 Let K C H(} be closed and convex and f € H™'. To find:
uek: / VuV(v—u)do > (f,v—u) Vv e K.
Q

Theorem 1.3.2 u € K solves if and only if it solves ({1.3.1).



1.3 Alternative equivalent formulations 7

Proof Let u € K be the solution to the minimization problem (1.1.1). Then for
t€[0,1]: u+t(v—u) € KVv € K. Function defined by ¢ (t) =J(u+t(v—u)), t €
[0, 1] attains its minimum at the pointz =0, i.e.

$(0) < ¢(r) Ve €[0,1].

Then
0 < lim Mz/VMV(V—M)dO)—(f,V—M}.
t Q

t—0+
Let u € K be such that / VuV(v—u)dw > (f,v—u) Vv € K. Then for any

Q

v € K it holds :
1

J(v)—J(u):(p(l)—q)(O):/VuV(v—u)da)—(f,v—u>+§/ IV(v—u)|*dw > 0.

Q Q
|

The next theorem states about the well-posedness of the problem:

Theorem 1.3.3 There exist unique solution to the problem . In addition,

the mapping f — u is Lipschitz, that is, if uj,up are solutions to the problem

(m corresponding to fi, f» € H™, then
lur —wa|| < Ll fr = fall -1, (1.1)
where L > 0 constant.

Proof Existence of the unique solution results from the previous discussions,
namely, from the equivalence of the variational inequality (I.3.1) to the mini-
mization problem (1.1.1)).

We demonstrate validity of (I.I). We set v = u, in the variational inequality

for the solution u; and v = u; in the inequality for u;. Upon adding we obtain:

1V —w)Pde < (i = fon — ).

From the coercitivity of the form a(u,v) = [ VuVvdw, it follows that

C@Q)ur —wa|® < (fi = forur —w2) < ||fi = follpr lug — 2. W@



1.3 Alternative equivalent formulations

1.3.2 Free boundary problem

Now we assume that u € H>(Q) NK is the solution of the obstacle problem. We
divide domain Q into the set Q. = {x € Q : u(x) > y(x)}, which we call nonco-
incidence set, and coincidence set Qy = {x € Q : u(x) = y(x)}.

Since u solves the variational inequality (1.3.1)), applying Green’s formula to
the left hand side of the inequality we obtain

du
_/QAu(v—u)da)—f— agﬁ(v—u)dSZ/gf(v—u)da) Vv eK. (1.2)

Both u,v € K C H(}, so the boundary term vanishes. Let’s take any nonnegative
function ¢ € C(€2). Then v =u+ € € K for € > 0. Substituting this in the latter

inequality, we obtain:

—/ Auldo > / fldw, VEeCT, £>0.
Q Q

From this it follows that :
—Au > fae.in Q.

Let’s assume that y € C(Q). Then the set Q is open, since u € H> — C(Q).
We consider a point x € Q, for which we can choose a neighborhood Ug(x)
such that Ugs(x) C Q.. For any { € C5(Us(x)) we may find an € > 0 such that
v=u+&{ € K. Substituting this v in and dividing by € we find that

- / Aldo> [ fldo V¢ e Co(Us(x).)
Us(x) Us(x)
In particular this holds for —{, therefore
—Au = fin Ug(x),

and also a.e. in Q..
The function u — y € H?(Q), where u € K is the solution of the obstacle

problem, attains its minimum in Q in the coincidence set Qg. Thus, using the



1.3 Alternative equivalent formulations

v

Figure 1.1: Free boundary for 1D problem.

necessary condition for extremal point, we have then:
u=¢ onl™,

Vu=V¢ onI™,

where I'* = dQ, NQ is called the free boundary of the problem.
We have shown that the solution of the obstacle problem with the appropriate

data corresponds to the formal solution of the following boundary problem:

—Au>f a.e. in Q,

u>y a.e. in Q,

ifu(x) > y(x) then —Au(x) = f(x),
u=1¢ onI™,

Vu=V¢ onI™,

u=0 on dQ.

\
Note that the free boundary of the problem is not known in advance. This kind
of formulations may be useful only in the one-dimensional case of the problem,

since we don’t know about the smoothness of the I'™*.



1.3 Alternative equivalent formulations
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1.3.3 Linear complementarity problem

We can reformulate the free boundary problem so that the free boundary condi-

tions need not be handled explicitly as follows:

—Au>f a.e. in Q,

u>y a.e. in Q, (1.3)
(u—y)(—Au—f)=0 ae.inQ, '
u=>0 on dQ.

Some results for this form of the obstacle problem interested reader can find

in the work of Brézis and Stampacchia: if f € L?(Q), and y € H?(Q) then the
problem (1.3.1) has a unique solution u € H?(Q) and it satisfies (1.3).



Chapter 2

Interior point method for the
numerical solution of the obstacle
problem

2.1 The central path

The idea of the interior point methods is to replace the constrained minimization
problem by a sequence of unconstrained minimization problems, for solving of
which we can use Newton’s method. An objective functional of the unconstrained
problem we generate by adding barrier functional to the objective functional of the
original constrained problem. Barrier function serves as barrier against leaving of
the elements the feasible region K. Each of the problems in the sequence cor-
responds to the objective functional Ji(v) depending on the nonnegative penalty

parameter k. For our problem we construct Ji.(v) in the following way:

Je(v) = J(v) — K /Q In(v— y)do.

We extend the definition of the In to the whole real domain axis by setting Inz =
—oo, 7 < 0. Then barrier function approaches infinity as the elements from the
interior approach the boundary. Thus we obtained the family of the following

unconstrained minimization problem:

11



2.1 The central path

12

Problem 2.1.1 Given a bounded domain Q C R? and functions f € H 'andy €
L*(Q), find a solution ux € H} (Q) such that

JK'(”K') - min JK(V) vv S I_IO1 (Q),
vEH (Q)

where the functional Ji(v) : H} — R is represented by :

JK(V):%/Q|Vv|2da)—<f,v>—K/an(v—l//).

Now we will determine the existence and uniqueness of the solution for the aux-

iliary problems (2.1.1). We use the following theorem:

Theorem 2.1.2 Let V be a Hilbert space and let F : V — RU{+e} be a proper

lower semicontinuous function. If F is coercive, i.e. that

lim F(u) = oo,

[ ul| e

then the problem

in F
mip )

has at least one solution. If F is strictly convex, then the solution is unique.
Proof Let {u,} € V be the minimizing sequence :
¢ = lim F(u,) = inf F(u).
n—00 ueV
Since ¢ < o0 and F (u) is coercive:
||un|| < const.

Then we can find subsequence {u,, } C {u,} weakly convergingin V :

Uy, ~ucV.



2.1 The central path 13

By virtue of lower semicontinuity of F(u):

lim F(u,) > F ().

n—o0

Then it holds that

N
F(a) < inf F(u),

so u = i is the solution to the problem.
Let now u;,up € V be two solutions to the problem. Then %(ul +up) e V. If

F (u) is strictly convex function, then

F (%(m —|—u2)) < minF (u),

ucV

so only one solution exists for the strictly convex F(u). B
We make an assumption (Al):

Jii € HY (Q) : —/ln(ﬁ—y/)dw<oo.
Q

Theorem 2.1.3 With the assumption (Al) for each k > 0 the problem (2.1.1) has

a unique solution uy.

Proof Let k¥ > 0 be an arbitrary fixed number. We apply theorem [2.1.2] with
V = H}(Q) and F(u) = J(u). Jic(u) is the sum of the strictly convex continuous
function J(u«) and the function ¢ (1) = —/ In(u — y)do. It’s clear that ¢ (u) is a
convex function and consequently Ji(u) i? strictly convex. Using the inequality

Inz < z for z > 0 we obtain

=

0(u) = — | maxfu— 0} = u =yl (@)},

Since [lu — y|| > [Ju — | 2(q), together with the assumption (A1) it follows that
¢ and hence also Ji is proper. Moreover, we obtain

1

Jiew) = cllull? = | £l lull = xllu— wl|n(Q)2



2.1 The central path 14

for some ¢ > 0. Hence

lim Ji(u) =

[[ul| oo
follows. It remains to show lower semicontinuity of Ji. It suffices to show that ¢
is lower semicontinuous.
From the definition of the Lebesgue integral,

¢ (u) = sup P (u)

e>0

follows, where ¢¢(u) = — / In(max{u — y,€})dw. Since the pointwise supre-
Q
mum of a family of continuous functions is lower semicontinuous, lower semi-

continuity of ¢ follows. l

Definition 2.1.4 The mapping K — uy is called the central path.

The idea behind the interior point method is to follow the central path. This
means we begin with some value of k and find the solution to the corresponding
unconstrained problem. Then we decrease k and solve again the auxiliary prob-

lem, and so on. Next theorem states about the convergence of u, to it as kK — 0.

Theorem 2.1.5 For all k > 0 one has J(uy) <J(ii) + xu(Q).

Proof We denote again by ¢ (u) = —/ In(u—vy)do.
Q
For fixed k¥ > 0, let n(t) = Ji(vy) for t € [0,1), where v, = ti + (1 — 1)u.

Since

vi—y=t(a—y)+(1—1)(ux—y) > (1 —1)(ux—y) >0ae. in Q,

together with the monotonicity of In, we have n(0) < n(7) < J(v;) + k¢ (uy) —

KIn(1 —7)u(Q) < 4o, t € [0,1). It’s easy to see that 1(¢) is convex on [0,1).



2.1 The central path

Then the function 6(7) = n(t):n(o) i1s monotone nondecreasing and it’s bounded

from below by 0. Hence there exists

re(0,1).
t—0+ t ’ (’)

Further we have

ogn’(O)=/QWKV(a—u,c)dw+<f,a—uK>+K}ii%—¢(v’)t_")(o).

It also follows

¢(vi) — 9 (vo)

0 e [ 1 1n(vo — ) ~In(v ~ ¥))do.

As t — 0, the integrand converges to ﬁ_/ a.e. in Q. Further, on the set {u, >
i} we have
—u - 1
0< 1 (In(vo— y) —In(y — ) < X2 < MY

and hence, by theorem of dominated convergence, we obtain

U — U

lim = (In(vo — v) — In(vi — ¥))do — /

1—0+ J{u>a} {u>a} Ux — Y

On the other hand, on the set u, < it we have

1 (In(vo — ) — In(v, — )\, X~ <0, fort — 0+
U —
Since
lim In(vo —y) —In(vi—y) , =~
1—=0+ Hu<i} t
:n'(O)—fQVuKV(ﬁ—uK)dw—(f,zZ—uK>_/ g~ ,
K {u>at U — Y
we have

In(vo— y) — In(v, — i
0> lim nvo—y) =i =), _ / U 7 g > —oo
1=0+ J{u<ii} t {up<ity Ux — Y



2.2 A predictor-corrector approach for the following the central path

by the theorem of Beppo-Levi. Hence, / " 7% 1o exists and
QU —VY

_udw

0<71'(0) = /QVMKV(ﬁ—ux)der Uit = i) + K/Q Z:— 4

It follows that # = O is the solution of the optimization problem

min](v,)-i—lct/ e
t>0 QMK'_II/

Therefore,

Ve <J(v1)+ ku(Q)

J(vo) gJ(v1)+;</Q1_

u
Uk

and since vo = uy, vi = i, the theorem is proved. B
Using in this inequality Taylor expansion of J(u,) at the point i, we obtain:
1 -\ (2
> [ 1V )Pdo < ku(@),
2Jo

or, equivalently,

it = ll 3 ) = O(V%).

2.2 A predictor-corrector approach for the follow-
ing the central path

All the results from the preceding section remain valid if we replace H& (Q) by a
closed subspace V C H} (Q), e.g. if 3d €V : [oIn(ii — y)dw < o then for each
Kk > 0 the problem

minJ(v) YvevV,
veV

with

1) = 5 [ (Va0 —x [ - w),

has a unique solution which is again denoted by u.



2.2 A predictor-corrector approach for the following the central path 17

2.2.1 The corrector step

For given k¥ > 0 we are given an approximation u# € V of u, and we want to find
a better approximation u™ by means of Newton’s method, i.e. ™ = u+ du where
the so called Newton corrector du is a solution of the problem

min @y ,(v) (2.1)

veV
with
Oxcu(v) = Jie(u) + Ji(u)v + %J{é(v, V).
Here Ji.(u) : V — R, and JiL(u) : V XV — R are

dw

Iy = [ Vuvvdo—(r) -k [

and

J;('(u)(v,w):/QVvVWda)—f— K/Qﬁda).

For ease of presentation we assume that u — y > € > 0 a.e. in Q. Then J'(u) and
J"(u) are well defined. Further, it easily follows that ¢y, is a continuous strictly

convex functional on V and a unique minimizer ou of ¢, exists and satisfies
Ji(u)(8u,v) = —Ji(u)v, Yvev.

So at this step we replaced the objective functional Ji by its quadratic approx-
imation ¢y ,. Since we used the logarithmic barrier functions it’s sufficient here
to use Taylor expansion up to the second order. Thus we can rely on Newton’s
method for solving this problem.

Now let us analyze the next corrector step given by the unique solution Su™

of the optimization problem

min @+ (v).
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Since

dw

J;(zﬁ')v = /ngM+Vde_<f,V>_K/Qu+—l[/

o 9 B v ouv
= J(u)v+Jc(u)(u,v) K/Q(Lt*—l[/ u—w+(u—y/)2)da)

L (Su)?v
= e

we obtain

T ) (Sut v) = T (uhy = "/Q (ut —y)(u—y)

By taking v = Su™ it follows that
Sut)? Sut (Su)?
Véu'? /—( = / : :
/Q| ou"l“do+« Q(u+_w2dw K Q(u+—l[/)(u—l[/)2dw (2.2)

Using the Cauchy-Schwartz inequality we conclude that

<), <u(f ijﬁd“’ =K (/Q <u(f Tn);)“’“’) 2 </a <u( %)4"“’) i

Sut)? Su)?
/(2—(Lf+_l>ll>2dw§/(2—(bt(_13/>4dw. (2.3)

Now consider Newton’s step defined by ! = u" +8u", n=0,1,2, ..., where

and

ou” is the unique minimizer of @y ().
Definition 2.2.1 We say the sequence {y"} converges R-superlinearly to vy if
T /7 — 7 = 0.

Theorem 2.2.2 Let Kk > 0 be fixed and assume that there exist some reals C > 0

such that

Yu > y.

H ou ou
2(Q)

u—y u—y

. . . 0 . .
Then for all starting points u® > y with || u{?%w lr2(0) < & Newton iterations con-

i =€
@

verge to ux. Moreover, the convergence is R-superlinear.
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Proof From (2.3) we obtain

‘ Sut! ’ Su” ‘ Su” <C) Su |12
wtl —yllz) ~ llut — yli=@llur —ylize) = et —ylize)
. . . Sul T .
With the starting point ‘ v |20 < ¢ 0 <t < Titfollows then
‘ ou" - %
w'—wyllize ~ C°
From (2.2) we obtain for V&u"*!
n+1 n\2
/ |V5un+l|2 S K/ n—fllfi (51/2) zda)
Q o (Ut —y)(u" — )
Sut! Su” Su”
n+12
= o lie < wtl — iz llun — ylliz@) llur — wlli=@)
- ’6Mn+l|1 o ﬁ('TZ”H
’ - C

This implies that || du"*!|| — 0 as n — oo, so the sequence {u"} is Cauchy se-
quence and it converges to some element it € V :
= lim u".
n—oo
Due to the strict convexity of Ji it holds:

Je(W) > Je() + T (") (v —u") Vv eV. (2.4)

Consider Ji.(u") (v — u") :

T (v—u") = —J(8u",v—u")
ou"(v—u")
= [ Véu"V(v—u" 2
/Q ou"V(v u)—i—K/Q (" — y)?
ou" v—u"
< " —u" '
< |5u |1,Q||V u ||17Q+K‘ Ut — g LZ(Q)‘ u" —yllr2(Q)

From this we can conclude that J,.(u")(v — u"*) — 0 as n — oo. Taking the limit in

(2-4) we obtain
J)>J(@) Wvev,
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thus it = uy.

It remains to justify R-superlinear convergence:

- ke x JE
"l o< Y |8uF <£ <Y _
Ju M|1,Q_k§! wlie < -5 k; < o1 g

Consequently,

Tim {/||lu" — i = 0.

n—oo

2.2.2 The predictor step

For k > 0 let u™ = u+ 8u be the result of one corrector step. Under the assump-
du

u—y

tions of theorem [2.2.2|u™ is sufficiently near u,, when

< & for some

(Q)

T<l1.

Now we want to approximate u,+ for the smaller penalty parameter kK =
(1 — p)x. To do this we compute a predictor p as the unique solution of the mini-
mization problem

. + 10+ Lo 4
rvrg‘r/l.](u )+ J (u )v+2JK(u ) (v, v) (2.5)

and take i = u™ + pp as starting point for the next Newton’s method to approx-
imate u,+. We want to stay near the central path by performing single Newton’s
step. For a given accuracy of the Newton method 7, in view of theorem [2.2.2| we
want to choose p such that the next corrector & satisfies

ol
=y

T
<-—.
Q) — C

We present now an analysis for a proper choice of p. As the solution to the mini-

mization problem (2.5)) the predictor p satisfies

Jtw)(p,v) =T W)y Wwev. (2.6)
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And for the next corrector step it holds

Je(@)(8a,v) = —Ji.(@)y VveV. (2.7)
We have
J (@) = J'(u+)v+p/ VpVvdw Yvev,
Q
then by use of (2.6) we obtain

weV J@@y = Juv+p (—J'(Lfr)v—lc/Q %d&))

(ut —
= (1=p)uy—pr [

(ut—y)?
= (1—-p) (ch(u+)v+ K‘/Q u+v_wda)> —pK‘/Qﬁ
- /Q s —(fffziv— AR u*v— y P K(ﬁp—vw)zdw
and consequently, denoting by & = M‘i”w,:
wevV —J..(iy = —J’(ﬁ)v+1<+/gﬁ_wda)
B /QK+ (ufz—vw_ u*v—lﬁﬁ—vw) +pKﬁda)

2 +

L En put+p—yy
= — do.
/szK ut—y pK(u+—w)2<ﬂ—w>

Then using (2.7)) with v = & and application of the Cauchy-Schwartz inequality

yield

oo [ s (= )

where

(x]
[l
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e
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It follows then

(84)* -
oyt ==

Thus we constructed a policy for a choice of a suitable decreasing parameter p for

k: p should satisfy the following conditions
. p<1

2.ut—y+pp>0inQ

< (&)

het
(1



Chapter 3

Numerical implementation

3.1 Algorithm

Interior point method consists of outer cycle : corrector-predictor steps and inner
cycle for solely corrector step. As starting point for the approximate solution we
can choose u; = 0.

As we already noted the principle of the interior point method is to follow the
central path. Ideally, we would like the iterations u; corresponding to x; would
lie on the central path, i.e. u; = uy;, where uy; is the exact solution of the corre-
sponding UP. But to achieve high accuracy on each corrector step would cost us
a number of iterations. So, instead, we try our approximate solutions in each cor-

rector step to remain in the predefined neighborhood of the exact solution (picture

B.1).

Under the assumption that ‘ MO‘SZOW 2@ < %, from the proof of theorem[2.2.2
we have:

5un+1 8un+l

‘ utl —yllir=(Q) = C‘ wtl —yllrz(Q)

ou" ou"
= C‘ u—y L”(Q)‘ u — yll2(Q)
n
Tzn 6”
u" — YllL=(Q)

23
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-1

u
u r——————
K u
- hs \central path
u '
u
s
K
Koy K K, i

Figure 3.1: Staying close to the central path by single Newton iterations

Thus, if we choose at each predictor step decreasing factor p of the k such that

the starting point i@ for the next Newton iterations satisfies ﬁ(j_ﬁu/ 2@ < % and
define to stop Newton iterates as the condition u‘j—"w 2@ < 7 1s satisfied, then

we reach this kind of accuracy 7 for the corrector step just in single step:

2

T
<CP <1
2(Q) — (ﬂ<r

Sud

=€ m@ﬂﬂ—w

[>(Q)

1
=

Sul
iy [Pemerd

ud —y

We also need to determine the constant C for the assumptions of the theorem

[2.2.2] to be fulfilled. This constant can be found by updating it at each Newton
Ou_

_Su_ / )
=) 1= VYil2(Q)
After solving of the elliptic equations for the corrector du we need to choose

iterate as the maximal value of the old one and the ratio

u—y

the step-size & such that updated value of the approximate solution would be fea-

sible, i.e. it should hold u+ ad > . This is equivalent to Ocu‘i—”w > —1, and since

under the appropriate assumptions u‘i“w ) @ < 7 holds, for the implementation
LDO
we write it as Haﬂ < 1.
Vi)
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Algorithm 1 Interior points method

1: precision €, precision T, K, u0
2: k=0
3: repeat
4 ue—u®
5:  repeat
6: solve for 6u : Jil(u)(6u,v) = —Ji(u)yv VvevV
. _ Su Su
7: C = max {C, ey L“(Q)/ v LZ(Q)}
8: choose step-size 0 < o < 1 such that : Hau(i—ullf <0.99
L=(Q)
9: u=u+adu

10: until || 24|~ q) < T
11:  solve for a predictor p : J2(u)(p,v) = —=J (u)v, WveV.
12:  choose 0 < p < 0.99 such that :

<0.99
L=(Q)

13 k=(1-p)

14: k=k+1
150wkt = u+pp
16: until k < ¢

As we established in the preceding section we also need choose the step-size

p for the predictor such that the condition

<(@)

(x]

with
2

w_/ Su_\* 1+ p +p2 P 1+ P do
“ Jo\\u—vy pu+—l// l—put—y ut —y

(3.1)

would be satisfied. For realization of this condition we set the p = 0.99, and then

decrease it consecutively until it’s appropriate. For the saving of the computation
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time it makes sense to divide the integral (3.1)) into the several parts as follows:

> p’ p’ p*
E=1+20h+p2h+2- 1 +20- 15+
1 2 3 4 1—p 5 (1—p)?

I—p

I,

where

3.2 Finite element discretization
3.2.1 Corrector step

At the corrector step we solve the variational elliptic problem for the unknown
corrector:

find Su € Hy : J2(u)(Su,v) = —J(u)y Vv e H].
If we write it explicitly :

5
find SucHy : | VouVvdo+x [ 2 sdo—— | Vuvvdo+ [ frdotx [ ——do.
Q ou—vy) Q Q Qu—Y

(3.2)

According to Lax-Milgram Lemma there exist unique solution for this variational

problem.



3.2 Finite element discretization

We use standard Galerkin method. Let .7}, be regular triangulation of Q :
Q =UrecgT, T - triangle of the mesh;
for any two distinct triangles 77 and 7> : int7T} Nint7T, = O;
any non-empty intersections of two distinct triangles equals one common edge
E € &(9,) oranode x € A (F},).

LetV, = {vh €C(@)| | €PIT)VT € 7, vh‘m - o} CV =HL(Q).
Let {¢;}, j = 1, N be piecewise linear basis functions in V}, with compact support:
Vxi € N (Th) ¢;(xi) = &j; N < oo number of nodes in the mesh, dimension of

Vy. Then we can use the representation
uh:Zujd)j, 5uh:26uj¢j.
J J
Substituting this in (3.2) we obtain the linear system of equations :
Ao up = b,
where A € RV*V : v, — RN has components:

do,

Aij:/qu)ivq)jdw—}_](/g%

b € RN with components

i
i=— | VoV, ; ’
b Zj uJ/Q () q)]da)—|—/gf¢dw+1</guh de

and Suy, € RN with components Su;.

Assembling the stiffness matrix

For a triangular element 7' € .7, let (x1,y1), (x2,¥2), (x3,yx) be the vertices and ¢y,
¢2, @3 be the corresponding basis functions in V},. We denote by |T| the area of the

triangle. Then
1 1 1

|T|:— X1 X2 X3
yi Y2 y3
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Since
1 (x,y) P9 11 1\ '
hxy) | =1l =[x x x3 x|,
o5(x,y) A3 yioy2 Y3 y

where A1, A,, A3 are the corresponding barycentric coordinates at (x,y) € 7, it can

be easily computed that

2 \Xit2 — Xit1

1 /v —v
V¢i(x;y> — _ (yl+1 yl+2) )
Here, the indices are to be understood modulo 3.

Then
1 Yi+1 —Yj+2
VOVOido = —(Vir1 — Vit2,Xir2 — X AR P
/T O; ¢] 4’T’ ()71+1 Yi42,Xi+2 xl+1> (xj+2 —Xjp1
Thus, using this, for the first term [, V¢,V ido of the local stiffness matrix we

can write as
-1

| 1 1 1 0 0
M, ="1GGT withG=|x; x» x3 1 0
01

2
yr Y2 y3

Using the trapezoidal rule for integration, we obtain for the second term of the

local stiffness matrix:

1
k|T| (u1—yn)? 0 0
M, — 121 0 L 0
2 3 (ur—yn)? 1 !
0 0 (uz—wy3)?

where uy, up, uz and yi, Y, ,y3 values of u; and y respectively at the corre-

sponding nodes of the triangle.
Assembling the right hand side

For the terms of the right-hand side we easily obtain using the trapezoidal rule

/f¢id00= |3£|f(xi7yi)7
T
o; _ K|T| 1

do =

K .
T Uup— Y 3 ui—y(xi,yi)
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3.2.2 Predictor step

At the predictor step we need to solve for p the following variational problem:
JiuH)(p,y) =T (ut)y WweV.

Writing explicitly,

_rv
(ut—wy)?

Discretization by using piecewise linear functions leads to the system:

find pev: /Vvadw+1</ do = —/ Vu+Vvdw+/ fvdo.
Q Q Q Q

A+Ph = b+7

where AT € RV*V : v, — RN has components:

= [ vove, _ 90
Al-j—/QVQVd)JdCO—i-K/Q(u;{_w)z,

b+ € RY with components
b} :—Zuj/QVq),-Vq)jda)Jr/qu)idw,
J

and p, € RN with components p;.

3.3 Error estimate for Finite Element solution

First we bring the theorem about the error estimate for the approximation which

is valid for a general class of approximations schemes for variational inequalities.

We consider in the Hilbert space V the problem :
findue K:a(u,yv—u) > (f,v—u) Yvek, (3.3)

where K C V is a convex set, a(-,-) is continuous bilinear form, f € V*.
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Let V,, be a finite-dimensional subspace of the space V. We replace K by a

convex set Kj, C Vj,. The corresponding discrete problem is

find uy, € Ky, = aup, vy —up) > (f,vp—up) Vv € Ky, (3.4)
We define the linear mapping : A : V — V* such that (Au,v) = a(u,v) YveV.
Theorem 3.3.1 If u and uy, satisfy and respectively, then

a(u—up,u—up) <a(u—up,u—vy)+ (Au— f,vy—up) Vv, € Ky (3.5)
a(u—up,u—up) < a(u—up,u—vy)+ (Au— f,vy—u) + (Au— f,v —up) (3.6)

v, €Ky, VveK
Proof We have

a(u—up,u—uy) = a(u—up,u—vy)+a(u—uy,vy, —up)

= a(u—up,u—vp)+ (Au— f,vy, —up) + (f, vy — up) — a(up, vy, — up)

(from 3.4)) < a(u—up,u—vp)+ (Au— f,vy —up).
(3.3) implies (Au— f,v—u) >0 Vv e K, then

<Au_f7vh_uh> = <Au—f,vh—u>+<Au—f,u—v>—{—<Au—f,v—uh>

< (Au—f,vp—u)+{Au—f,v—up).

From this and (3.7) follows (3.6). B

Now, we replace Q with its polygonal approximation ;. We choose shape
regular triangulation of €, such that all the vertices of .7}, which are on the bound-
ary of the set €y, are also on dQ. Let & be triangulation parameter, i.e. the diameter
of the biggest triangle is less than 4. With such a triangulation .7}, we associate
subspace V;, C H(} (Q) with piecewise linear elements defined by function values

at the triangle vertices. We denote by IT,u piecewise linear interpolate of u.

(3.7)
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Figure 3.2: The set K}, is not in general contained in the set K.
Let K}, be approximation of the convex set K :
Ky ={vi, € Vu|¥b € A}, 2 vi(D) > w(b), vy =TT uon Q —Q;}.
Note that the set K}, is not in general contained in the set K.

Theorem 3.3.2 Assume that the solution u is in the space H*(Q). Then the con-

1.0 =0(h).

tinuous piecewise linear approximation uy, satisfies ||u, —u

Proof Using integration by parts and denoting by u = —(Au+ f), we find

(Au—f,v) = /QVquda)—(f,v>

= —/Auvdco—(f,v>
Q
= (1)

Taking in (3.5)) instead of v;, = ITj,u gives:
lu—up|1,0 < a(u—up,u—Thu) + (W, —uy)q,, (3.8)

since uy, = Il u on Q — Q.
From [7] the variational inequality (3.3) implies the following pointwise rela-
tions: 4 > 0and u(y —u) =0a.e. on Q.
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Hence

(W, —up)o, = (W,I(u—y) —(u—vy))q, + (1,u—y) + (I y¥ —u)q,
(W, (u—y) — (u—y))a, (3.9)
< el 2oy IMTa (= w) = (=)l 12(q,) = OF). (3.10)

IN

Here (3.9) was derived from the observation: from uy(b) > IT,y(b) Vb € A,
follows that u;, > I,y on Q; hence (u, IT, ¥ —up)q, < 0.

Thus, from (3.8)) we can conclude:

lu—unl|T o < Cllu—upl|y @l —Thul|y o + O(K?).

Taking into account that linear interpolate is of the first order approximation in

H', we obtain the error estimate

lu —upll1.0 = O(h). u

3.4 Numerical experiments

In this section we present results for several examples. For all these examples the
initial iterate was taken u(®) = 0.

We know that the convergence rate of the solutions of the sequence of uncon-
strained minimization problems (UP) to the solution of the original problem is
|lux — it|| = O(v/x). And accuracy of approximation by using piecewise finite el-
ements will not be better than O(h). Consequently, we should relate the tolerance
¢ for k with / in a proper way: e.g. € = 0.1/N, where N - number of unknowns.

Initial barrier parameter was chosen kp = 1.

du
Yl (@)
For the integrations in computing of L?(Q)-norms and checking of the condi-

<0.5.

For Newton iterations stopping criterion was

- 2 .
tions & < (&) trapezoidal rule was used.
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Implementations were performed on WindowsXP platform with the 1595 MHz

speed Intel x86 processor by using MatLab@ programming language.

3.4.1 Example 1

In this example : domain Q is a unit circle; force acting on the membrane is
constant: f = —32; and obstacle is a plane z = —1.

The exact solution to this problem is :

=t if r < 0.7374
“T\ 82-8.699Inr—8, ifr>0.7374

In table N means number of nodes in the triangulation mesh, the column
“iterations’ shows the number of predictor-corrector steps; the next column - the
number of Newton steps at the first iteration (at the other iterations we have only
one Newton corrector step). The error is considered in H Lnorm; ¢, = lu— up|,
where u is the exact solution. The column ’k’ shows the final value of k¥ when

iterations stopped.

Table 3.1: Results for the flat obstacle

Newton
N iter. | steps | CPU,s | |lu—uyl/1 o | max;ep K C
(first it.)
144 5 6 0.437 0.48196 0.06951 | 0.0079 4.316
544 6 6 1.31 0.15497 | 0.01686 | 0.00235 | 9.2418
1130 6 6 2.75 0.10952 | 0.00974 | 0.00236 | 9.9739
1506 6 6 3.718 0.08702 | 0.00666 | 0.00219 | 16.9396
2173 7 6 6.062 0.08183 0.00625 | 0.00065 | 14.4017
4421 7 6 13.422 0.03599 0.00312 | 0.00066 | 20.6203
8257 8 6 40.437 0.01516 0.00167 | 0.00054 | 26.3749
17489 8 6 121.68 0.01338 0.00104 | 0.0005 | 19.3735
33985 9 6 3354 0.01137 0.0007 | 0.00031 | 34.9717

From this table we see that the number of iterations do not increase unpre-

dictably as the number of unknowns is increased, and the number of Newton iter-
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ations for the correction of solution at the first iterate is the same for all considered
here cases.

In the picture[3.3]the final iterate of the solution u is depicted. In the picture[3.4]
on the left : the red zone is the coincidence set and the blue zone - non-coincidence
set. On the right distribution of error e, = |u — uy,| is depicted. We observe that
the approximate solution is well-behaved in the contact zone and the larger values

of errors come to the non-coincidence set.

Approximate solution u

Approximate solution u

Figure 3.3: Approximate solution for the plane-obstacle

Coincidence and non-coincidence sets Error distribution

Figure 3.4: On the left: coincidence and non-coincidence sets, on the right: error
distribution.
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3.4.2 Example 2

We consider another radially symmetric problem when: € is a unit circle, constant

force is acting on the membrane f = —10, and the obstacle is described as

RZ_)CZ_);Z_R—I7 ifxz—f—yzSRZ,
y(x,y) = { s if x2 4% > R?

where R = 0.7

The exact solution to this problem is :

o R?—x2—y2—-R—1, if x> +y?> <r
52 +y?)/2—alnr—5/2, ifx>*+y*>r

where r = 0.3976, a = r*(5+1/VR2 — r2).

Figure [3.5]depicts the final iterate of the approximate solution.

Approximate solution u Approximate solution u

0.4

-0.6

Figure 3.5: Approximate solution for the obstacle with the spherical surface

The table [3.4.2] reports the results when the stopping criterion for the Newton
iterations was changed to MSTMI” < 0.1. It illustrates that stricter stopping criterion
doesn’t improve the accuracy of the solution for the original constrained prob-
lem, but only increases the number of iterations. This confirms the fact that we

don’t need to solve each corrector problem with high accuracy but it’s sufficient
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Table 3.2: Results for the example 2

Newton
N iter. | steps | CPU,s | |[u—uyll1 o | max;ey, K C
(first it.)
144 10 6 0.841 0.11367 0.01785 | 0.0055 | 5.4551
544 12 6 1.8 0.05661 0.00797 | 0.00203 | 7.5279
1130 13 6 4.65 0.04224 0.00439 | 0.00104 | 11.7238
1506 13 6 6.125 0.03597 0.00358 | 0.0011 | 17.0023
2173 14 6 9.656 0.03439 | 0.003395 | 0.00145 | 15.4000
4421 15 6 17.828 0.02136 0.00240 | 0.00067 | 17.9878
8257 15 6 47 0.01776 0.00170 | 0.00053 | 25.6321
17489 | 16 6 114 0.01966 | 0.00114 | 0.0007 | 34.7167
33985 | 16 6 379.8 0.02171 0.00136 | 0.00028 | 40.4416

Table 3.3: Results for the example 2 with 7 =0.1

N iter. | Newton st. | |lu—uyl/1,0
(first iter.)
144 23 7 0.11973
544 28 7 0.05667
1130 29 7 0.04222
1506 || 29 7 0.03589
2173 31 7 0.03426
4421 32 7 0.02135
8257 33 7 0.01772
17489 || 35 7 0.01964
33985 || 37 7 0.02169

the approximate solutions to remain in the predefined neighborhood of the corre-

Figure [3.6] demonstrates how ||u — uy|1 o

sponding point on the central path.

changes with iterations for different number of nodes in the mesh. We can ob-

serve that below the some value of x it doesn’t decrease further with the next

iterations. Thus, sufficient number of iterations was done in order to approximate

the solution for the given mesh size.
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Change of the error in H* norm with iterations, N=144 Change of the error in H" norm with iterations, N=544

0.8 T T T T T 0.7 T T T
071 B 06k
0.6
05
0.5
041
041
03F
031
02
0.2
01k 01F
0 . L . . . . . . . 0 . . L . .
0 1 2 3 4 5 6 7 8 9 10 0 2 4 6 8 10 12
a b
Change of the error in H' norm with iterations, N=1130 Change of the error in H' norm with iterations, N=2173
0.7 - - - - - - 07 T T T T T T
06 +H 06
05F +H 05
0.4r +H 04
03F +H 03
0.2 +H 0.2
0.1 B 0.1
0 L L . . . L 0 . . . . . .
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
c d
Change of the error in H' norm with iterations, N=4421 Change of the error in H' norm with iterations, N=33985
0.7 T T T T T T 0.45 T T T T T T T
041 q
0.6
0.35F q
0.5
03F q
041 025+ 1
0.3 0.2 4
0151 q
0.2
01 q
01
0.05F q
0 0 . . . . . . .
0 0 2 4 6 8 10 12 14 16
e f

Figure 3.6: Convergence of the solution for a: N = 144, b: N =544, c: N = 1130,
d: N =2173,e: N =4421, f: N = 33985
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In the picture on the left coincidence (in red) and non-coincidence (in blue)
sets are shown. On the right distribution of the error considered as the absolute of
the difference between exact and approximate solutions value is shown. We see
that again the highest values of such error comes to the region in non-coincidence

set closer to the free boundary.

Coincidence and non-coincidence sets Error distribution

Figure 3.7: On the left: coincidence and non-coincidence sets, on the right: error
distribution.

3.4.3 Example 3

For this example we take € as unit circle, obstacle is described as

(xy) = V0.64— (x+0.3)2—1, if [x+0.3]<0.8,
Ve =1 . if x+0.3] > 0.8

We considered this problem with different constant forces: f = -5, f = —10, f =
—30 and f = —100 (pictures[3.8] [3.91 [3.10] [3.11)) and observed that the number of

iterations remains stable also with respect to the number of contact points.
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Approximate solution u, f=-5 Coincidence and non-coincidence sets, f=-5

Figure 3.8: f = —5, 13 corrector-predictor iterations, 2 Newton iterations at the
first corrector step

Approximate solution u, f=-10 Coincidence and non-coincidence sets, f=-10

Figure 3.9: f = —10, 14 corrector-predictor iterations, 4 Newton iterations at the
first corrector step

Approximate solution u, f=-30 Coincidence and non-coincidence sets,f=-30

Figure 3.10: f = —30, 18 corrector-predictor iterations, 7 Newton iterations at the
first corrector step

Approximate solution u, f=-100 Coincidence and non-coincidence sets, f=-100
i 1

Figure 3.11: f = —100, 13 corrector-predictor iterations, 13 Newton iterations at
the first corrector step
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3.44 Example 4

In this example € is a unit circle, force has intensity f = —30 and discontinuous

obstacle:

gy { L ifl=03[ <03 and |y <04,
Viny) = —100, otherwise

Here we can motivate our choice of trapezoidal rule for the integration: using this
rule the method copes with such discontinuous obstacles as well.

The picture depicts the result of the final iteration, the picture [3.13]illus-
trates Lagrange multipliers and picture [3.14] — subdivision of Q into coincidence
and non-coincidence sets. Lagrange multipliers computed as yu = ﬁ, at the final
iteration can be interpreted as the reaction forces at the corresponding points of

the obstacle.

Approximate solution u

HANER
i

Figure 3.12: Numerical solutions for the discontinuous obstacle
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Lagrange multipliers

Lagrange multipliers

2000~ .7

1800

1600 - 7 )
w004
1200 5
1000 - .

800~ .

600 ..
400" i
200"

Figure 3.13: Lagrange multipliers

Coincidence and non-coincidence sets

Figure 3.14: In red is coincidence set and and in blue is non-coincidence set




Conclusion

In this work we considered the mathematical model of the obstacle problem for
the numerical simulation of it by using the interior point method. We discussed
the existence and uniqueness of the solution of the primal formulation of the ob-
stacle problem. Constrained minimization problem was replaced by a sequence
of unconstrained minimization problems (UP) by adding the barrier function mul-
tiplied with the barrier parameter and showed that the solution of the sequence
of UP converges to the solution of the original problem as the barrier parameter
converges to zero.

The algorithm for the implementation follows the predictor-corrector method:
we begin with a feasible guess of the solution of UP for the current value of the
barrier parameter and correct that guess’ by using of Newton method. For the
numerical implementation of the method we used finite element discretization
with piecewise linear elements.

We performed several numerical tests which gave satisfactory results. We
observed that the number of iteration doesn’t increase unpredictably with the in-
crease of the mesh nodes or contact points. We observed also that numerical
solution behaves well in the coincidence set and higher values of error occur in
the non-coincidence set near the free boundary. Thus, for the improvement of the
accuracy it seems to be of interest using of adaptive finite elements for refining

the mesh in the region where the solution is of least accuracy.
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Appendix A

List of notations

v(')a V('?')

J' (u)v

J" () (v, w)

Vim0

Mm,Q

function v of one variable, two variables

interior of A

first Fréchet derivative of a functional J at a point u along v
second Fréchet derivative of a functional J at a point u

= {ve L2(Q)Va: |a| <m, % c L*(Q)}
={veH'|v=00n9Q}

dual of a space H

dual of the space H'

continuous embedding
1/2
- (Z|a|§mf£2|aa"’2) /

= (Ziaom Jald®v[2)"?
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