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The Model Problem

The Problem
Find u ∈ H1

0 (Ω) such that

−div(κ∇u) + β · ∇u + γu = f in Ω ⊂ Rd .

f , γ ∈ L∞(Ω)

β ∈ [W 1
∞(Ω)]d

κ ∈ [L∞(Ω)]d×d and symmetric and uniformly positive definite
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The Model Problem
The weak form
Find u ∈ H1

0 (Ω) such that

(κ∇u,∇v) + (β · ∇u, v) + (γu, v) = (f , v) ∀v ∈ H1
0 (Ω)

The weak form (split)

A(u, v) := a(u, v) + b(u, v) = (f , v),

where
a(u, v) := (κ∇u,∇v) + (µu, v),

b(u, v) :=
1
2 [(β · ∇u, v)− (β · ∇v , u)]
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The Model Problem

We assume

∃κ∗, κ∗ : κ∗|ξ|2 ≤ ξ.κ(x)ξ ≤ κ∗|ξ|2,

∃µ0 : µ(x) := γ(x)− 1
2∇ · β(x) ≥ µ0 > 0,

for all ξ ∈ Rd and for almost all x ∈ Ω.
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VEM
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Assumptions on the Mesh

Assumption 1 (Mesh regularity)

1 ∀E ∈ Th E is star-shaped w.r.t a ball with radius ρhE
2 ∀E ∈ Th all interfaces s of E should fulfill hs ≥ ρhE
3 for d = 3 , the two assumptions from above should also hold

for every interface

Th Partition
E an Element
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VEM Spaces

The usual VEM space
Ṽ E

h := {v ∈ H1(E ) : v|∂E ∈ Pp(E ),∆v ∈ Pp−2(E )}
Auxiliary VEM space
W E

h := {v ∈ H1(E ) : v|∂E ∈ Pp(E ),∆v ∈ Pp(E )}
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VEM Spaces

DOFs

N ω nodal values.
For a vertex z of ω, N ω

z (v) := v(z) and
N ω := {N ω

z : z is a vertex }
Mω

l polynomial moments up to order l ≥ 0 .
For a multi-index α,
Mω

α(v) := 1
|ω|(v ,mα)ω, with mα :=

( x−xω

hω

)α,
where xω is the barycentre of ω.
Mω

l := {Mω
α : |α| ≤ l}

DOFs(W E
h ) =

N E ∪ME
p ∪ {Ms

p−2 for all edge interfaces s ∈ ∂E}
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VEM Spaces

Definition
The operator Π0

p is the L2 -projection onto the space Pp(E ).

Definition (Computability)

We say a term is computable if it may be evaluated using
data,
DOFs
and the polynomial component of the VEM space only.
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The VEM Spaces, Ṽ E
h ,W E

h

Pp(E ) ⊆ Ṽ E
h , Pp(E ) ⊆W E

h
Π0

p and Π0
p−1 are not computable in Ṽ E

h but in W E
h .

Mω
p \Mω

p−2 are redundant in Pp(E )

It is possible to construct an L2 stable projection Π∗p which only
depend on the reduced set of degrees of freedoms
DOFs(Ṽ E

h ) =
N E ∪ME

p−2 ∪ {Ms
p−2 for all edge interfaces s ∈ ∂E}.

www.ricam.oeaw.ac.at Endtmayer, A posteriori error estimates for the VEM and AVEM



Johann Radon Institute for Computational and Applied Mathematics

The VEM Space

V E
h := {vh ∈W E

h : (vh,mα)E = (Π∗pvh,mα)E∀mα with p−1 ≤ |α| ≤ p}

mα :=
(x − xω

hω
)α

Vh := {vh ∈ H1
0 (Ω) : vh|E ∈ V E

h ∀E ∈ Th}

Π0
p and Π0

p−1 are computable in V E
h using Π∗p.
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DOFs

Figures taken from

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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Admissible Stabilizing Forms

Definition
Let E ∈ Th and SE

1 , SE
0 : V E

h \ Pp(E )× V E
h \ Pp(E ) 7→ R be

symmetric and positive definite computable bilinear forms. We say
SE

1 , SE
0 are admissible stabilizing forms if there exist a constant

CStab > 0, indep. of E and h such that

C−1
Stab

∫
E
|
√
κ∇vh|2 ≤ SE

1 (vh, vh) ≤ CStab

∫
E
|
√
κ∇vh|2,

and
C−1

Stab

∫
E
µv2

h ≤ SE
0 (vh, vh) ≤ CStab

∫
E
µv2

h ,

for all vh ∈ V E
h \ Pp(E ).
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The Local Bilinear Forms

AE
h (uh, vh) := aE

h (uh, vh) + bE
h (uh, vh),

aE
h (uh, vh) :=(κΠ0

p−1∇uh,Π
0
p−1∇vh)E + (µΠ0

puh,Π
0
pvh)E

+ SE ((I − Π0
p)uh, (I − Π0

p)vh)

SE :=s1SE
1 + s0SE

0 s1, s0 > 0

bE
h (uh, vh) :=

1
2
[
(β · Π0

p−1∇uh,Π
0
pvh)E − (β · Π0

p−1∇vh,Π
0
puh)E

]
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The Computable Discrete Bilinear Form

The Model Problem in the discrete space
Find uh ∈ Vh such that

Ah(uh, vh) = (fh, vh) ∀vh ∈ Vh,

with
Ah(uh, vh) :=

∑
E∈Th

AE
h (uh, vh), fh := Π0

p−1f .
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Approximation Properties
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Polynomial Approximation

Theorem (Approximation using polynomials)

Let Assumption 1 be fulfilled, E ∈ Th, Π0
l : L2(E ) 7→ Pl (E ) be the

orth. Project. onto Pl (E ), l ≥ 0. Then for all w ∈ Hm(E ), with
1 ≤ m ≤ l + 1 it holds

‖w − Π0
l w‖0,E + hE |w − Π0

l w |1,E ≤ Cprojhm
E |w |m,E ,

with Cproj only depending on l and the mesh regularity.
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Clément Interpolation for FEM

Theorem
Let T ∈ T̂h be an element in the globally shape regular finite
element sub triangulation T̂h of Th and T̃ the patch around T .
Then for a classical Clement interpolant vc of degree p holds

‖v − vc‖0,T + h|v − vc |1,T ≤ ĈClémh|v |1,T̃ ,

for all v ∈ H1(Ω).
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"Clément Interpolation" for VEM

Theorem
Let T ∈ Th and Ẽ the patch around E. Then for a classical Clement interpolant vI of
degree p holds

‖v − vI‖0,E + h|v − vI |1,E ≤ CClémh|v |1,Ẽ ,

for all v ∈ H1(Ω) and vI solves the problem

−∆vI = −∆Π0
pvc in E ,

vI = vc on ∂E .

Proof.
See

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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A Posteriori Error Analysis
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Energy Norm

We define the energy norm on the domain ω ⊆ Ω and v ∈ H1(Ω)
as follows

‖|v |‖2ω := ‖
√
κ∇v‖20,ω + ‖√µv‖20,ω.

We have

(Ceqiv )−1‖v‖1,Ω ≤ ‖|v |‖Ω ≤ Ĉeqiv‖v‖1,Ω,

with Ceqiv :=
√

(1 + CPF )/κ∗ and Ĉeqiv :=
√
max(κ∗, ‖µ‖∞).
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The Residual Equation

Let e := u − uh ∈ H1(Ω) and v ∈ H1(Ω). Then we have for
χ ∈ Vh that

A(e, v) = (f , v)− A(uh, v)
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The Residual Equation

Let e := u − uh ∈ H1(Ω) and v ∈ H1(Ω). Then we have for
χ ∈ Vh that

A(e, v) = (f , v)− A(uh, χ)− A(uh, v − χ)
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The Residual Equation

Let e := u − uh ∈ H1(Ω) and v ∈ H1(Ω). Then we have for
χ ∈ Vh that

A(e, v) = (f , v)− A(uh, χ)− A(uh, v − χ)

= (f , v)− (fh, χ) + Ah(uh, χ)− A(uh, v − χ)− A(uh, χ)
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The Residual Equation

Let e := u − uh ∈ H1(Ω) and v ∈ H1(Ω). Then we have for
χ ∈ Vh that

A(e, v) = (f , v)− A(uh, χ)− A(uh, v − χ)

= (f , v)− (fh, χ) + Ah(uh, χ)− A(uh, v − χ)− A(uh, χ)

= (f − fh, χ)− (f , v − χ) + Ah(uh, χ)− A(uh, v − χ)− A(uh, χ).
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Piecewise Approximations of the Coefficients

We approximate the coefficients by piecewise polynomials on the
elements:

κh ≈ κ,

βh ≈ β,

γh ≈ γ.
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The Residual Equation

A(e, v) =
∑

E∈Th

(
(RE , v − χ) + (θE , v − χ) + BE (uh, v − χ)

)
−
∑
s∈Sh

(
(Js , v − χ)0,s + (θs , v − χ)0,s)

)
+ (f − fh, χ) + Ah(uh, χ)− A(uh, χ),

where

RE :=(fh +∇ · κhΠ0
p−1∇uh − βh · Π0

p−1∇uh − γhΠ0
puh)|E ,

Js :=JκhΠ0
p−1∇uhK|s ,

θE :=(f − fh +∇ · (κ− κh)Π0
p−1∇uh − (β − βh) · Π0

p−1∇uh − (γ − γh)Π0
puh)|E ,

θs :=J(κ− κh)Π0
p−1∇uhK|s ,

BE (wh, v) :=(κ(I − Π0
p−1)∇wh,∇v)E + (β · (I − Π0

p−1)∇wh, v)E + (γ(I − Π0
p)wh, v)E .
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Theorem (Upper Bound for the Error)
Let uh be the virtual element solution, then there exist a constant C independent of h,
u and uh such that

‖|u − uh|‖2 ≤ C
∑

E∈Th

(
ηE + ΘE + SE + ΨE ),

where

ηE :=h2
E‖RE‖2

0.E +
∑

s∈∂E
hs‖Js‖2

0.s ,

ΘE :=h2
E‖θE‖2

0.E + h2
E‖f − fh‖2

0.E +
∑

s∈∂E
hs‖θs‖2

0.s ,

SE :=SE ((I − Π0
p)uh, (I − Π0

p)uh),

ΨE :=‖(I − Π0
p−1)(κΠ0

p−1∇uh)‖2
0,E + h2

E‖(I − Π0
p)(β · Π0

p−1∇uh)‖2
0,E

+ ‖(I − Π0
p−1)(β · Π0

puh)‖2
0,E + ‖(I − Π0

p)(µΠ0
puh)‖2

0,E .

Proof.
Sketch on Black- or White-board
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Theorem (Upper Bound for the Projection)

Let uh be the virtual element solution, then there exist a constant
C independent of h, u and uh such that

‖|u − Π0
puh|‖2 ≤ C

∑
E∈Th

(
ηE + ΘE + SE + ΨE).

Proof.
See

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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Theorem (A Local Lower Bound)

Let uh be the virtual element solution, then there exist a constant
C independent of h, u and uh such that

ηE ≤ C
∑

E ′∈ωE

(
‖|u − uh|‖2E ′ + ΘE ′ + SE ′),

where ωE describes the set of elements, which have a common
face with E.

Proof.
See

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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Theorem (A Local Lower Bound for the Projection)

Let uh be the virtual element solution, then there exist a constant
C independent of h, u and uh such that

ηE ≤ C
∑

E ′∈ωE

(
‖|u − Π0

puh|‖2E ′ + ΘE ′ + SE ′),
where ωE describes the set of elements, which have a common
face with E.

Proof.
See

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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Numerical Results
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The Adaptive Refinement Procedure

Screenshot taken from

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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Kellogg Problem I
We consider on the model problem with Ω = (0, 1)2 with the
following coefficients:

κ(x , y) :=

{
b (x − a)(y − a) ≥ 0
1 else

,

β = 0,

γ = 0,

a = 0.4.
However as boundary condition

u = r
1
4 g(θ).
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Approximate Solution of the Kellog Problem I

Screenshot taken from

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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(a) The error ‖∇(u−Π0
1uh)‖, (b) The estimated error, (c) effetivity index

Screenshot taken from
A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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(a) initial mesh (b) mesh with limited number of maximum nodes ( 1 ) ,
(c) mesh with unlimited number of maximum nodes
Screenshot taken from

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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Kellogg Problem II
We consider on the model problem with Ω = (0, 1)2 with the
following coefficients:

κ(x , y) :=

{
b (x − a)(y − a) ≥ 0
1 else

,

β = 0,

γ = 0,

a = 0.4 ∗
√
2.

However as boundary condition

u = r
1
4 g(θ).
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(a) The error ‖∇(u − Π0
1uh)‖, (b) The estimated error

Screenshot taken from
A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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(a,b,c) initial meshes (d,e,f) meshes with unlimited number of hanging nodes, (g,h,i) meshes with a limited number
of nodes
Screenshot taken from

A. Cangiani, E. H. Georgoulis T. Pryer, and O.J Sutton.
A posteriori error estimates for the virtual element method
Numerische Mathematik 137(4): 857-893
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