
The Hitchhikers Guide to VEM

D. Jodlbauer

December 3, 2018



Overview

I Last time in the NUMA-Seminar

I Stiffness matrix revisited

I Yet another projection

I Mass matrix



Last Time in the NUMA-Seminar

I VEM for Poisson problem

I Very general decomposition

V K ,k := {v ∈ H1(K ) : v|∂K ∈ Bk(∂K ),∆v|K ∈ Pk−2(K )}

I VK ,k : vh at vertices

I EK ,k : vh at k − 1 uniformly spaced points on edges e

I PK ,k : moments 1
|K |
∫
K
m(x)vh(x)dx ∀m ∈Mk−2(K )



Assembling: Stiffness Matrix Revisited

I Π∇K : V K ,k → Pk(K ) ⊂ V K ,k{
aK (Π∇K vh, q) = aK (vh, qk) ∀qk ∈ Pk(K )

P0Π∇K vh = P0vh
(1)

I Mk spans Pk

Π∇K vh =

nk∑
β=1

sβmβ

I Rewrite (1)

nk∑
β=1

sβ (∇mα,∇mβ)0,K = (∇mα,∇vh) (2)

nk∑
β=1

sβP0mβ = P0vh (3)



Assembling: Stiffness Matrix Revisited

I Linear system for sβ
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I Gs = b

3 G computable

3 b computable (shown last time)



Assembling: Stiffness Matrix Revisited

I Applied to basis functions ϕi

Π∇K ϕi =

nk∑
α=1

sαi mα

I s(i) = G−1b(i)

B :=
[
b(1) b(2) . . . b(N

dof )
]

(5)

I Matrix representation Π∇∗ of Π∇ : Vk(K )→ Pk(K ) in the basis Mk

Π∇∗ = G−1B



Assembling: Stiffness Matrix Revisited

I Canonical basis

Π∇ϕi =
Ndof∑
j=1

πj
iϕj

with πj
i = dofj(Π∇ϕi )

Π∇ϕi =

nk∑
α=1

sαi mα =

nk∑
α=1

sαi

Ndof∑
j=1

dofj(mα)ϕj

I πj
i =

∑nk

α=1 s
α
i dofj(mα)



Assembling: Stiffness Matrix Revisited

I Diα := dofi (mα)

I Hence:

πj
i =

nk∑
α=1

(G−1B)αiDjα = (DG−1B)ji

I Matrix representation Π∇ of Π∇ : Vk(K )→ Vk(K ) in the canonical
basis

Π∇ = DG−1B = DΠ∇∗

I Can show G = BD



Assembling: Stiffness Matrix Revisited

I Split ϕi = Π∇ϕi + (I − Π∇)ϕi

I Obtain:

(KK )ij =
(
∇Π∇ϕi ,∇Π∇ϕj

)
+
(
(I − Π∇)ϕi , (I − Π∇)ϕj

)
I Approximate:

(
(I − Π∇)ϕi , (I − Π∇)ϕj

)
≈

Ndof∑
r=1

dofr (ϕi − ΠK
k ϕi )dofr (ϕj − ΠK

k ϕj)



Assembling: Stiffness Matrix Revisited

I Obtain:

Kh
K = (Π∇∗ )T G̃Π∇∗ + (I−Π∇)T (I−Π∇)

I G̃ = G with first row set to 0

I B,D,G depend only on the shape of the polygon K and not on its
size

I Kh
K is (in general) not close to KK



Assembling: Stiffness Matrix Revisited

Summary (Stiffness matrix)

I Compute B,D,G

I Compute Π∇∗ = G−1B and Π∇ = DΠ∇∗

I Compute Kh
K = (Π∇∗ )T G̃Π∇∗ + (I−Π∇)T (I−Π∇)



Assembling: Mass Matrix

I MKij :=
∫
K
ϕiϕjdx

I Not possible with the current dofs

→ L2-projector



Assembling: Mass Matrix

I Split ϕi = Π0ϕi + (I − Π0)ϕi

I Obtain:

(MK )ij =
(
Π0ϕi ,Π

0ϕj

)
+
(
(I − Π0)ϕi , (I − Π0)ϕj

)
I Approximate:

(
(I − Π0)ϕi , (I − Π0)ϕj

)
≈ |K |

Ndof∑
r=1

dofr (ϕi − Π0ϕi )dofr (ϕj − Π0ϕj)

Mh
K = CTH−1C + |K |(I−Π0)T (I−Π0)



Yet Another Projection

I L2-projection: Find Π0vh ∈ Pk(K ) such that

(pk ,Π
0vh) = (pk , vh) ∀pk ∈ Pk(K )

I Hαβ := (mα,mβ)

I Π0vh =
∑nk
α=1 t

αmα

I cα := (mα, vh)

I Similar to before
Ht = c



Yet Another Projection

I Similar to before
t = H−1c

3 H computable

7 c computable (no moments for |α| = k − 1, k)



Yet Another Projection

I Can compute Π∇vh

I For vh ∈ Vk(K ): vh ∼ Π∇vh and vh ∼ Π0vh

I Hence: Π0 ∼ Π∇

Idea Replace cα := (mα, vh) for |α| = k − 1, k by

cα := (mα,Π
∇vh)

3 c computable

? Error ?



A Virtual Space for Virtual Elements

Introduce new space Wk(K ) with the good properties of Vk(K )

I polynomials on edges

I Pk(K ) ⊂Wk(K )

I same dofs

Additionally:

I For |α| = k − 1, k and wh ∈Wk(K )∫
K

whmα =

∫
K

Π∇wh mα



A Virtual Space for Virtual Elements

I if space exists, previous computations hold unchanged

I dofs(vh) = dofs(wh) =⇒ Π∇vh = Π∇wh

Summary (L2-projector)

I Compute H

I Compute Π∇vh ≡ Π∇wh using only dofs

I Compute c

I Solve t = H−1c

I Compute Π0wh =
∑nk
α=1 t

αmα =
∑nk
α=1 t

α
∑Ndof

i=1 Dαiϕi



Matrix Representation

I Monomial basis:

(Π0
∗)αi := tα(ϕi ) = (H−1C)αi

with

Cαi := (mα, ϕi ) =

{
(mα, ϕi ) 1 ≤ α ≤ nk−2

(mα,Π
∇ϕi ) nk−2 + 1 ≤ α ≤ nk

I VEM-basis:

(Π0)ji := (DH−1C)ji



Assembling: Mass Matrix

I Split ϕi = Π0ϕi + (I − Π0)ϕi

I Obtain:

(MK )ij =
(
Π0ϕi ,Π

0ϕj

)
+
(
(I − Π0)ϕi , (I − Π0)ϕj

)
I Approximate:

(
(I − Π0)ϕi , (I − Π0)ϕj

)
≈ |K |

Ndof∑
r=1

dofr (ϕi − Π0ϕi )dofr (ϕj − Π0ϕj)

Mh
K = CTH−1C + |K |(I−Π0)T (I−Π0)



Summary

Mh
K = CTH−1C + |K |(I−Π0)T (I−Π0)

Kh
K = (Π∇∗ )T G̃Π∇∗ + (I−Π∇)T (I−Π∇)

I Exact consistency term, approximation for stability term

I Optimal convergence rates in H1, L2

I General bilinear forms possible

I 3d: similar, but more technical



Thank you.
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