New constraint qualifications for mathematical programs with
equilibrium constraints via variational analysis

Helmut Gfrerer* Jane J. Yef

Abstract

In this paper, we study the mathematical program with equilibrium constraints (MPEC)
formulated as a mathematical program with a parametric generalized equation involving
the regular normal cone. Compared with the usual way of formulating MPEC through a
KKT condition, this formulation has the advantage that it does not involve extra multi-
pliers as new variables, and it usually requires weaker assumptions on the problem data.
Using the so-called first order sufficient condition for metric subregularity, we derive veri-
fiable sufficient conditions for the metric subregularity of the involved set-valued mapping,
or equivalently the calmness of the perturbed generalized equation mapping.
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1 Introduction

A mathematical program with equilibrium constraints (MPEC) usually refers to an opti-
mization problem in which the essential constraints are defined by a parametric variational
inequality or complementarity system. Since many equilibrium phenomena that arise from
engineering and economics are characterized by either an optimization problem or a varia-
tional inequality, this justifies the name mathematical program with equilibrium constraints
([27, 30]). During the last two decades, more and more applications for MPECs have been
found and there has been much progress made in both theories and algorithms for solving
MPEC:s.

For easy discussion, consider the following mathematical program with a variational in-
equality constraint

(MPVIC) min F(x,y)
(z,y)eC
st (o(z,y),y —y) >0 Wy €T, (1)

where C CR" x R™, I':= {y € R™|g(y) <0}, F: R" x R™ - R, ¢ : R" x R — R™, and
g : R™ — RY are sufficiently smooth. If the set I' is convex, then MPVIC can be equivalently
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written as a mathematical program with a generalized equation constraint

(MPGE) min F(z,y)
(z,y)eC

st.  0€¢(x,y)+ Nr(y),

where Np(y) is the normal cone to set I" at y in the sense of convex analysis. If g is affine or
certain constraint qualification such as the Slater condition holds for the constraint g(y) < 0,
then it is known that Np(y) = Vg(y)” Nge (9(y)). Consequently

0 € ¢(z,y) + Nr(y) <= 3X: 0 € (6(x,y) + VgW) X, 9(v)) + Ngmyps (1, 1), (2)

where ) is referred to as a multiplier. This suggests to consider the mathematical program
with a complementarity constraint

MPCC i F(x,
( ) e (z,y)

st 0€ (¢, y) +Vay) A g(y) + Nemuge (A

In the case where the equivalence (2) holds for a unique multiplier A for each y, (MPGE) and
(MPCC) are obviously equivalent, while in the case where the multipliers are not unique, the
two problems are not necessarily equivalent if the local optimal solutions are considered (see
Dempe and Dutta [8] in the context of bilevel programs). Precisely, it may be possible that for
a local solution (%, 7, A) of (MPCC), the pair (,%) is not a local solution of (MPGE). This is
a serious drawback for using the MPCC reformulation, since a numerical method computing
a stationary point for (MPCC) may not have anything to do with the solution to the original
MPEC. This shows that whenever possible, one should consider solving problem (MPGE)
instead of problem (MPCC). Another fact we want to mention is that in many equilibrium
problems, the constraint set I' or the function g may not be convex. In this case, if y solves
the variational inequality (1), then 3’ = y is a global minimizer of the optimization problem:
min (d(x,y),y') s.t. 3y €T, and hence by Fermat’s rule (see, e.g., [34, Theorem 10.1]) it is
y

a solution of the generalized equation

0 € ¢(z,y) + Nr(y), (3)

where ﬁp(y) is the regular normal cone to I' at y (see Definition 1). In the nonconvex case,
by replacing the original variational inequality constraint (1) by the generalized equation (3),
the feasible region is enlarged and the resulting MPGE may not be equivalent to the original
MPVIC. However, if the solution (Z,y) of MPGE is feasible for the original MPVIC, then it
must be a solution of the original MPVIC; see [2] for this approach in the context of bilevel
programs.

Based on the above discussion, in this paper we consider MPECs in the form

(MPEC)  min  F(z,y)
st. 0€d(ay)+ No(y),
G(.’L‘, y) S 07

where I' is possibly non-convex and G : R™ x R”™ — R? is smooth.



Besides of the issue of equivalent problem formulations, one has to consider constraint qual-
ifications as well. This task is of particular importance for deriving optimality conditions. For
the problem (MPCC), there exist a lot of constraint qualifications from the MPEC-literature
ensuring the Mordukhovich (M-)stationarity of locally optimal solutions. The weakest one of
these constraint qualifications appears to be MPEC-GCQ (Guignard constraint qualification)
as introduced by Flegel and Kanzow [11], see [12] for a proof of M-stationarity of locally
optimal solutions under MPEC-GCQ. For the problem (MPEC), it was shown by Ye and Ye
[37] that calmness of the perturbation mapping associated with the constraints of (MPEC)
(called pseudo upper-Lipschitz continuity in [37]) guarantees M-stationarity of solutions. [1]
has compared the two formulations (MPEC) and (MPCC) in terms of calmness. The authors
pointed out there that, very often, the calmness condition related to (MPEC) is satisfied at
some (Z,y) while the one for (MPCC) is not fulfilled at (z,y,\) for certain multiplier A. In
particular, [1, Example 6] shows that it may be possible that the constraint for (MPEC)
satisfies the calmness condition at (Z, g, 0) while the one for the corresponding (MPCC) does
not satisfy the calmness condition at (Z,y, \,0) for any multiplier A\. In this paper, we first
show that if multipliers are not unique, then the MPEC Mangasarian-Fromovitz constraint
qualification (MFCQ) never holds for problem (MPCC). Then we present an example for
which MPEC-GCQ is violated at (&, 7, A, 0) for any multiplier A\ while the calmness holds for
the corresponding (MPEC) at (Z,7,0). Note that in contrast to [1, Example 6], I" in our
example is even convex. However, very little is known about how to verify the calmness for
(MPEC) when the multiplier A is not unique. When ¢, g and G are affine, calmness follows
simply by Robinson’s result on polyhedral multifunctions [33]. Another approach is to verify
calmness by showing the stronger Aubin property (also called pseudo Lipschitz continuity
or Lipschitz-like property) via the so-called Mordukhovich criterion, cf. [29]. However, the
Mordukhovich criterion involves the limiting coderivate of Np(-), which is very difficult to
compute in the case of nonunique A; see [20].

The main goal of this paper is to derive a simply verifiable criterion for the so-called
metric subregularity constraint qualification (MSCQ); see Definition 5, which is equivalent
to calmness. Our sufficient condition for MSCQ involves only first-order derivatives of ¢ and
G and derivatives up to the second-order of g at (Z,¥), and is therefore efficiently checkable.
Our approach is mainly based on the sufficient conditions for metric subregularity as recently
developed in [13, 14, 15, 16], and some implications of metric subregularity which can be
found in [18, 21]. A special feature is that the imposed constraint qualification on both the
lower level system g(y) < 0 and the upper level system G(z,y) < 0 is only MSCQ, which is
much weaker than MFCQ usually required.

We organize our paper as follows. Section 2 contains the preliminaries and preliminary
results. In section 3, we discuss the difficulties involved in formulating MPECs as (MPCC).
Section 4 gives new verifiable sufficient conditions for MSCQ.

The following notation will be used throughout the paper. We denote by Bgre the closed
unit ball in R? while when no confusion arises we denote it by B. By B(z;r) we denote the
closed ball centered at z with radius r. Sge is the unit sphere in R?. For a matrix A, we
denote by AT its transpose. The inner product of two vectors z, y is denoted by =7y or (z, y)
and by 2 L y we mean (z,y) = 0. For Q C R? and z € R?, we denote by d(z,) the distance
from z to set Q. The polar cone of a set Q is Q° = {z]2Tv < 0 Vv € Q} and Q' denotes
the orthogonal complement to ). For a set 2, we denote by conv ) and cl €2 the convex hull
and the closure of €, respectively. For a differentiable mapping P : R? — R®, we denote
by VP(z) the Jacobian matrix of P at z if s > 1 and the gradient vector if s = 1. For a



function f : R? — R, we denote by V2f(Z) the Hessian matrix of f at z. Let M : R? = R®
be an arbitrary set-valued mapping. We denote its graph by gphM := {(z,w)|lw € M(2)}.
0 : R4 — R denotes a function with the property that o(\)/\ — 0 when A | 0.

2 Basic definitions and preliminary results

In this section, we gather some preliminaries and preliminary results in variational analysis
that will be needed in the paper. The reader may find more details in the monographs
[7, 29, 34] and in the papers we refer to.

Definition 1. Given a set Q C R? and a point z € Q, the (Bouligand-Severi) tangent /contingent
cone to ) at Z is a closed cone defined by

Ta(z) := {u € Rd’ Jt, L 0, up — u with z +tyug € QV k}.

The (Fréchet) regular normal cone and the (Mordukhovich) limiting/basic normal cone to
at Z € Q are defined by

~

Nq(z) := {v* € Rd‘ limsupw < O}
Q_

A P

and Nq(z) = {z* | Fzi, 3 2 and 2} — 2* such that z} € No(z;) Vk} ,

respectively.

Note that No(z) = (Ta(2))°, and when the set € is convex, the tangent/contingent cone
and the regular/limiting normal cone reduce to the classical tangent cone and normal cone of
convex analysis, respectively.

It is easy to see that u € To(Z) if and only if liminf, o ¢~ *d(z + tu, Q) = 0. Recall that a
set () is said to be geometrically derivable at a point z € €2 if the tangent cone coincides with
the derivable cone at 7, i.e., u € To(2) if and only if limy o t~1d(Z + tu, Q) = 0; see e.g., [34].
From the definitions of various tangent cones, it is easy to see that if a set 2 is Clarke regular
in the sense of [7, Definition 2.4.6], then it must be geometrically derivable and the converse
relation is in general false. The following proposition therefore improves the rule of tangents
to product sets given in [34, Proposition 6.41]. The proof is omitted since it follows from the
definitions of the tangent cone and the geometrical derivability of the set.

Proposition 1 (Rule of Tangents to Product Sets). Let Q = Q1 x Qo with Q; C R%, Qy C R
closed. Then at any zZ = (21, Z2) with zZ; € Q1,22 € Qa, one has

Ta(z) € T, (71) X To,(22)-
Furthermore equality holds if at least one of sets 21, is geometrically derivable.

The following directional version of the limiting normal cone was introduced in [14].

Definition 2. Given a set Q C R?, a point zZ € Q and a direction w € R?, the limiting normal
cone to ) in direction w at Z is defined by

Nq(z;w) = {z*EItk 10, wp = w, 25 — 2* 1 25 € No(z + tywy) Vk:} .

4



By definition, it is easy to see that Nq(Z;0) = Nq(z) and Nq(z;u) = 0 if u & To(Z).
Further by [15, Lemma 2.1], if 2 is the union of finitely many closed convex sets, then one
has the following relationship between the limiting normal cone and its directional version.

Proposition 2. [15, Lemma 2.1] Let Q C R be the union of finitely many closed convex
sets, 2 € Q,u € RY. Then Nq(z;u) C No(2) N {u}* and equality holds if the set Q is conver
and u € To(Z).

Next we consider constraint qualifications for a constraint system of the form
z€Q:={z|P(z) € D}, (4)
where P : R — R® and D C R® is closed.

Definition 3 (cf. [12]). Let z € Q where ) is defined as in (4) with P smooth, and Ta®(Z)
be the linearized cone of 2 at Z defined by

T3 (2) = {w|VP(2)w € Tp(P(2))}. (5)

We say that the generalized Abadie constraint qualification (GACQ) and the generalized
Guignard constraint qualification (GGCQ) hold at z, if

To(z) = T"(2) and (Ta(2))° = (T§"(2))°,
respectively.

It is obvious that GACQ implies GGCQ which is considered as the weakest constraint
qualification. In the case of a standard nonlinear program, GACQ and GGCQ reduce to the
standard definitions of Abadie and Guignard constraint qualification, respectively. Under
GGCQ, any locally optimal solution to a disjunctive problem, i.e., an optimization problem
where the constraint has the form (4) with the set D equal to the union of finitely many
polyhedral convex sets, must be M-stationary (see e.g., [12, Theorem 7]).

GACQ and GGCQ are weak constraint qualifications, but they are usually difficult to
verify. Hence, we are interested in constraint qualifications that are effectively verifiable, and
yet not too strong. The following notion of metric subregularity is the base of the constraint
qualification, which plays a central role in this paper.

Definition 4. Let M : R = R® be a set-valued mapping and let (Z,w) € gph M. We say
that M is metrically subregular at (Z,w) if there exist a neighborhood W of Z and a positive
number k > 0 such that

d(z, M~ (@) < kd(w, M(2)) Vz € W. (6)

The metric subregularity property was introduced in [26] for single-valued maps under the
terminology “regularity at a point”, and the name of “metric subregularity” was suggested in
[9]. Note that the metrical subregularity at (z,0) € gph M is also referred to as the existence
of a local error bound at z. It is easy to see that M is metrically subregular at (z,w) if
and only if its inverse set-valued map M ! is calm at (w,z) € gph M1, i.e., there exist a
neighborhood W of z, a neighborhood V' of w and a positive number x > 0 such that

MY w)nV € MY (@) + k|lw —@||B Vze W.



While the term for the calmness of a set-valued map was first coined in [34], it was introduced
as the pseudo-upper Lipschitz continuity in [37], taking into account that it is weaker than
both the pseudo Lipschitz continuity of Aubin [5] and the upper Lipschitz continuity of
Robinson [31, 32] .

More general constraints can be easily written in the form P(z) € D. For instance, a set
Q ={z|Pi(2) € D1,0 € Po(2) + Q(2)}, where P, : R = R% i=1,2and Q: R? 32 R* is a
set-valued map, can also be written as

Pl(z)

Q= {z|P(z) € D} with P(z):= ( (z,—Py(2))

) , D:= Dy xgphQ.
We now show that for both representations of €2, the properties of metric subregularity for
the maps describing the constraints are equivalent.

Proposition 3. Let P; : R — R%, i = 1,2, D; C R* be closed and Q : R = R be a
set-valued map with a closed graph. Further assume that P; and Py are Lipschitz near z.

Then the set-valued map
_ ( Puz)—D:
Me) = ( Po(z)+Q(2) )

is metrically subregular at (z,(0,0)) if and only if the set-valued map

_( e
i) = () - Duxne

is metrically subregular at (z,(0,0,0)).

Proof. Assume without loss of generality that the image space R*! xR®2 of M7 is equipped with
the norm [|(y1, y2)[l = [ly1]| 4 lly2l|, whereas we use the norm |[(y1, 2, y2) | = [[y2ll + [z + [[v2]]
for the image space R®1 x R? x R®2 of My. If My is metrically subregular at (Z, (0,0, 0)), then
there are a neighborhood W of Z and a constant x such that for all z € W, we have

d(z,Q) < (000 ), Ma(2))
= (d ), D) + k{2 — 2] + | = Pa(z) — i | (2.) € £ph Q})
< w(A(Pi(2), D) + inf{]| — Pa(z) — ]| 7 € Q(2)}) = wd((0,0), My (2)).

which shows the metric subregularity of M;. Now assume that M; is metrically subregular
at (z,(0,0)), and hence we can find a radius » > 0 and a real x such that

d(z, Q) < kd((0,0), My(2)) Vz € B(z;7).

Further, assume that P;, P> are Lipschitz with modulus L on B(z;r), and consider z €
B(z;r/(2+ L)). Since gph Q is closed, there are (Z,7) € gph @ with

Iz = 2| + [ = Pa(2) — gl = d((2, —P2(2)), gph Q).
Then

Iz = 2l < d((z, = P2(2)),eph Q) < |2 = 2| + || = P2(2) + P2(2)]| < (1 + L)z — 2,



implying |2 —Z|| < ||z —z[|+ ||z = 2| < (2+ L)||z — z|| < r and

A(20) < #d((0,0),M(2)) = r(d(P(Z), Dy) +d( - P2(2),Q(2)))

<
< K(A(PL(2), D1) + || — Po(2) — §]))
< k(2L||z — 2| + d(Pi(2), D1) + || — Pa(2) — 1]).

Taking into account d(z,Q) < d(z,Q) + ||z — Z||, we arrive at
1 . -
d(z,Q) < wmax{2L+ — 1}d(Pi(2), D1) + |z = 2] + || = P2(2) = 31)
1
= rmax{2L + = 1}d((0,0,0), Ma(z)),

establishing metric subregularity of Ms at (2, (0,0,0)). O

Since the metric subregularity of the set-valued map M (z) := P(z) — D at (z,0) implies
GACQ holding at z (see e.g., [23, Proposition 1]), it can serve as a constraint qualification.
Following [17, Definition 3.2], we define it as a constraint qualification below.

Definition 5 (metric subregularity constraint qualification). Let P(z) € D. We say
that the METRIC SUBREGULARITY CONSTRAINT QUALIFICATION (MSCQ) holds at z for the
system P(z) € D if the set-valued map M (z) := P(z) — D is metrically subregular at (z,0),
or equivalently the perturbed set-valued map M~ (w) := {z|w € P(z) — D} is calm at (0,%).

There exist several sufficient conditions for MSCQ in the literature. Here are the two
most frequently used ones. The first case is when the linear CQ holds, i.e., when P is affine
and D is the union of finitely many polyhedral convex sets. The second case is when the no
nonzero abnormal multiplier constraint qualification (NNAMCQ) holds at z (see e.g., [36]):

VP()IA=0, e Np(P(2)) = X=0. (7)

It is known that NNAMCQ is equivalent to MFCQ in the case of standard nonlinear pro-
gramming. Condition (7) appears under different terminologies in the literature; e.g., while
it is called NNAMCQ in [36], it is referred to as generalized MFCQ (GMFCQ) in [12].

The linear CQ and NNAMCQ may be still too strong for some problems to hold. Re-
cently, some new constraint qualifications for standard nonlinear programs that are stronger
than MSCQ and weaker than the linear CQ and/or NNAMCQ have been introduced in the
literature; see e.g., [3, 4]. These CQs include the relaxed constant positive linear dependence
condition (RCPLD) (see [25, Theorem 4.2]), the constant rank of the subspace component
condition (CRSC) (see [25, Corollary 4.1]), and the quasinormality [24, Theorem 5.2].

In this paper, we will use the following sufficient conditions.

Theorem 1. Let z € Q where 2 is defined as in (4). MSCQ holds at z if one of the following
conditions is fulfilled:

e Flirst-order sufficient condition for metric subreqularity (FOSCMS) for the system P(z) €
D with P smooth, cf. [16, Corollary 1] : for every 0 # w € Ti*(2), one has

VP(Z)'A=0, A€ Np(P(2);VP(Z2)w) = A=0.



e Second-order sufficient condition for metric subreqularity (SOSCMS) for the inequality
system P(z) € R® with P twice Fréchet differentiable at z, cf. [13, Theorem 6.1]: For
every 0 # w € Ta(2), one has

VP(2)'A =0, A € Ngs (P(2)), w! V2 ATP)Z)w>0 = X=0.

In the case Ta%(z) = {0}, FOSCMS is satisfied automatically. By definition of the lin-
earized cone (5), Ti"(2) = {0} means that

VP(E)w=¢, €eTp(P(3) = w=0.

By the graphical derivative criterion for strong metric subregularity [10, Theorem 4E.1], this
is equivalent to saying that the set-valued map M(z) = P(z) — D is strongly metrically
subregular (or equivalently, its inverse is isolated calm) at (z,0). When the set D is convex,
by the relationship between the limiting normal cone and its directional version in Proposition
2,

Np(P(2); VP(Z)w) = Np(P(2)) N {VP(2)w} .

Consequently, in the case where Ta"(2) # {0} and D is convex, FOSCMS reduces to NNAMCQ.
Indeed, suppose that VP(2)'A = 0 and A € Np(P(z)). Then AT (VP(2)w) = 0. Hence
A € Np(P(2); VP(Z)w), which implies from FOSCMS that A = 0. Hence for convex D,
FOSCMS is equivalent to saying that either the strong metric subregularity or the NNAMCQ
(7) holds at (2,0). In the case of an inequality system P(z) <0 and Ta%(z) # {0}, SOSCMS
is obviously weaker than NNAMCQ.

In many situations, the constraint system P(z) € D can be splitted into two parts such
that one part can be easily verified to satisfy MSCQ. For example,

P(2) = (Pi(2), Py(2)) € D = Dy x D, (8)

where P; : R — RS are smooth and D; C R%, i = 1,2 are closed, and for one part, let us
say P»(z) € Da, it is known in advance that the map P5(-) — Ds is metrically subregular at
(2,0). In this case, the following theorem is useful.

Theorem 2. Let P(z) € D with P smooth and D closed, and assume that P and D can be
written in the form (8) such that the set-valued map Py(z) — Do is metrically subregular at
(2,0). Further assume for every 0 # w € TAY(%), one has

VP(Z2) TN + VP (2)TA2 =0, Nl € Np,(P;(2); VP(Z)w) i =1,2 = A =0.
Then MSCQ holds at Z for the system P(z) € D.

Proof. Let the set-valued maps M, M;(i = 1,2) be given by M(z) := P(z) — D and
M;(z) = Pi(z) — D;(i = 1,2), respectively. Since P; is assumed to be smooth, it is also
Lipschitz near z and thus M; has the Aubin property around (z,0). Consider any direction
0 # w € Ti%(2). By [14, Definition 2(3.)], the limit set critical for directional metric reg-
ularity Crgsi M ((Z,0);w) with respect to w and R®! at (2,0) is defined as the collection of
all elements (v, 2*) € R® x R? such that there are sequences tx | 0, (wg,vg, 2}) = (w,v,2%),
Ak € Sps and a real 3 > 0 such that (—z;, \y) € ﬁgphM(E—i— trwg, tyug) and H/\,ICH > 3 for
all k, where A\ = (A}, A7) € R*1 x Rz, We claim that (0,0) & Crgsi M((2,0);w). Assume



on the contrary that (0,0) € Crgsi M((z,0);w) and consider the corresponding sequences
(tk, Wk, vk, 2, Ak). The sequence )y is bounded and by passing to a subsequence we can as-
sume that A, converges to some A = (A, \?) satisfying [[A'|| > B > 0. Since (—z},\) €
nghM(z + trwg, tyg), it follows from [34, Exercise 6.7] that —\y € ND(P(Z + trwy) — trug)
and —z; = VP(z + tywg)T (=\g) which implies that —\ € Np(P(2); VP(2)w) and 0 =
VP(E)T( A) = VP(2)T (=AY + VPy(2)T(=A?%). From [16, Lemma 1], we also conclude
—\' € Np,(P;(2); VP;(2)w), resulting in a contradiction to the assumption of the theorem.
Hence our claim (0,0) ¢ Crgs: M((z,0); w) holds true, and by [14, Lemmas 2, 3, Theorem 6],
it follows that M is metrically subregular in direction w at (z,0), where directional metric
subregularity is defined in [14, Definition 1]. Since by definition, M is metrically subregu-
lar in every direction w ¢ Ta%(z), we conclude from [15, Lemma 2.7] that M is metrically
subregular at (z,0). O

We now discuss some consequences of MSCQ. First, we have the following change of
coordinate formula for normal cones.

Proposition 4. Let z € Q := {z|P(z) € D} with P smooth and D closed. Then
No(2) 2 VP(2)" Np(P(2)). (9)
Further, if MSCQ holds at z for the system P(z) € D, then
No(2) € Na(2) € VP(2)" Np(P(2)). (10)
In particular, if MSCQ holds at Z for the system P(z) € D with convex D, then
Na(2) = Na(2) = VP(2)T Np(P(2)). (11)

Proof. The inclusion (9) follows from [34, Theorem 6.14]. The first inclusion in (10) follows
immediately from the definitions of the regular/limiting normal cone, whereas the second one
follows from [22, Theorem 4.1]. When D is convex, the regular normal cone coincides with
the limiting normal cone, and hence (11) follows by combining (9) and (10). O

In the case where D = R®! x {0}°2, it is well-known in nonlinear programming theory that
MFCQ or equivalently NNAMCQ is a necessary and sufficient condition for compactness of
the set of Lagrange multipliers. In the case where D # R*!' x {0}2, NNAMCQ also implies
the boundedness of the multipliers. However MSCQ is weaker than NNAMCQ), and hence the
set of Lagrange multipliers may be unbounded if MSCQ holds but NNAMCQ fails. However,
Theorem 3 shows that under MSCQ one can extract some uniformly compact subset of the
multipliers.

Definition 6 (cf. [18]). Let z € Q := {z|P(z) € D} with P smooth and D closed. We say
that the bounded multiplier property (BMP) holds at z for the system P(z) € D, if there are
some modulus k > 0 and some neighborhood W of Z such that for every z € W NQ and every
2* € Nq(z), there is some X\ € k||z*||Brs N Np(P(z)) satisfying

2* =VP(2)T A

The following theorem gives a sharper upper estimate for the normal cone than (10).



Theorem 3. Let z € Q := {z| P(z) € D}, and assume that MSCQ holds at the point z for
the system P(z) € D. Let W denote an open neighborhood of Z, and let k > 0 be a real such
that

d(z,9Q) < kd(P(2),D) VzeW.

Then
Nq(z) C {z* e R?| 3\ € k| 2*||Brs N Np(P(2)) with 2* = VP(Z)T)\} Vze W.

In particular BMP holds at z for the system P(z) € D.

Proof. Under the assumption, the set-valued map M(z) := P(z) — D is metrically subregular
at (z,0). The definition of the metric subregularity justifies the existence of the open neigh-
borhood W and the number  in the assumption. Hence for each 2 € M~ 1(0)NW = QN W,
the map M is also metrically subregular at (z,0), and by applying [21, Proposition 4.1] we
obtain

No(z) = Nap-1(0)(2;0) € {27 | 3N € K[[27||Brs : (27, A) € Ngpnmr((2,0);(0,0))}.
It follows from [34, Exercise 6.7] that
Nepnr((2,0); (0,0)) = N ar((2,0)) = {(2*,A) | = A € Np(P(2)), 2" = VP(2)"(-N)}.

Hence the assertion follows. O

3 Failure of MPCC-tailored constraint qualifications for prob-
lem (MPCC)

In this section, we discuss difficulties involved in MPCC-tailored constraint qualifications
for the problem (MPCC) by considering the constraint system for problem (MPCC) in the
following form

N 0= h(z,y, ) = ¢(z,y) + V()" X,
Q:= @@M:O?M? A<O ;

where ¢ : R” x R™ — R™ and G : R® x R™ — RP are continuously differentiable and
g :R™ — R is twice continuously differentiable.
Given a triple (z,y,\) € Q we define the following index sets of active constraints:

Ty —717( A) = {ie {1,.... ¢} il
= (@,X) {ie {L..... ¢} i
A) = {i€ {1, --,q}lgx‘)
= (:Tcgj).-{zG{l,...,pHG(,) 0}.

Definition 7 ([35]). We say that MPCC-MFCQ holds at (Z,9, \) if the gradient vectors

) 0, \; >0},

Vhi(Z,9,A),i=1,...,m, (0,Vg;(9),0),i € Z, UZp, (0,0,¢;),i € Iy U Lo, (12)
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where e; denotes the unit vector with the ith component equal to 1, are linearly independent,
and there exists a vector (dg,dy,dy) € R" x R™ x RY orthogonal to the vectors in (12) and
such that

Gi(Z,9)(dy, dy) <0,i € Ig.
We say that MPCC-LICQ holds at (Z,7, \) if the gradient vectors
Vhi(.f, Y, 5\),1 =1,...,m, (O, ng(gj), 0),i € IgUI(), (O, 0, €i),i € T)UlIy, (VGZ<§?, :lj), O),i € 1lg
are linearly independent.

MPCC-MFCQ implies that for every partition (51, 82) of Zy, the branch

o(z,y) + Vg(y)"A =0,

gi(y) =0\ >0,i € Ig, N = 0,gz~(y) <0,i €1y,
gi(y) =0,X; > 0,i € B1, gi(y) <0,\ =0,i € fa,
G(z,y) <0

satisfies MFCQ at (Z, 7, \).
We now show that MPCC-MFCQ never holds for (MPCC) if the lower level program has
more than one multiplier.

Proposition 5. Let (z,7, A) € (NZ, and assume that there exists a second multiplier A £ A
such that (z,y,A) € Q. Then for every partition (f1, B2) of To, the branch (13) does not fulfill
MFCQ at (Z,9, ).

Proof. Since Vg(§)T(A=X) =0, (A=A); > 0,4 € Zy U By and A — X # 0, the assertion follows
immediately. O

Since MPCC-MFCQ is stronger than the MPCC-LICQ, we have the following corollary
immediately.

Corollary 1. Let (z,9,)) € ﬁ, and assume that there exists a second multiplier A £ X\ such
that (Z,7,\) € Q. Then MPCC-LICQ fails at (Z,7,\).

It is worth noting that our result in Proposition 5 is only valid under the assumption that
g(y) is independent of . In the case of bilevel programming where the lower level problem
has a constraint dependent of the upper level variable, an example given in [28, Example 4.10)]
shows that if the multiplier is not unique, then the corresponding MPCC-MFCQ may hold
at some of the multipliers and fail to hold at others.

Definition 8 (see e.g., [12]). Let (Z,7,\) be feasible for (MPCC). We say MPCC-ACQ and
MPCC-GCQ hold if

Tﬁ (3_77 Y, )‘) Tﬁ%CC(xa Y, )‘) and Nﬁ(£7 Y, )‘) (Tlgﬁf’CC ($a Y, /\))07

respectively, where

Tiibec (7,9, A)
Vaed(Z,5)u+ Vy(¢ + Vy(AT9)) (&, 5)v + Vg(5) =0,
Vgi(y)v=0,i € Iy, p; =0, € I,
(7)v <0, >0, 1;Vgi(y)v = 0,4 € I,
VGi(z,9)(u,v) <0,i € Ig

is the MPEC linearized cone at (Z,7, \).

= 4 (u,v,pn) € R" x R™ x R?|

11



Note that MPCC-ACQ and MPCC-GCQ are the GACQ and GGCQ for the equivalent for-
mulation of the set €2 in the form of P(z) € D, with D involving the complementarity set

Dee == {(a,b) € RL x R [aTb = 0},

respectively. MPCC-MFCQ implies MPCC-ACQ (cf. [11]) and from definition, it is easy
to see that MPCC-ACQ is stronger than MPCC-GCQ. Under MPCC-GCQ), it is known
that a local optimal solution of (MPCC) must be a M-stationary point ([12, Theorem 14]).
Although MPCC-GCQ is weaker than most of other MPCC-tailored constraint qualifications,
the following example shows that the constraint qualification MPCC-GCQ still can be violated
when the multiplier for the lower level is not unique. In contrast to [1, Example 6], all the
constraints are convex .

Example 1. Consider the MPEC

) 3 3
min F(z,y) =21 — zy1 + 22— -y2 — y3
x?y 2 2

st.  0€d(z,y)+ Nr(y), (14)
Gi(z,y) = Gi(z) := —x1 — 229 < 0,
Ga(z,y) = Ga(z) := =221 — 29 <0,
where

Y1 — 21
1 1
d(x,y) == | yo— 22 ,Fr:{yER3!gl(y):=y3+2yf§0,gz(y):=y3+2y§§0}-
-1

Let z = (0,0) and y = (0,0,0). The lower level inequality system g(y) < 0 is convex satisfying

the Slater condition, and therefore y is a solution to the parametric generalized equation (14) if

and only if y' = vy is a global minimizer of the optimization problem: min (p(x,y),y’) s.t. y' €
y/

I, and if and only if there is a multiplier \ fulfilling KK T-conditions

Y1 — 1+ My1 0
Yo —x2+Xy2 | =1 0 |, (15)
14+ XM+ X 0

1

0> ys+5ui L —M <0,
12

02y3+§y2L—>\2§0-

Let F :={z|Gi(z) <0,G2(x) <0}. Then F = F1 U Fa U Fz where

Fi o= {(x1,20) € R?|2]z| < a1},
Fo = {($17$2)ER2|%§Z'2S2$1}7
Fy = {(@1,m2) € R?|2an| < 20}

Straightforward calculations yield that for each x € F, there exists a unique solution y(x),
which is given by

(%,.’BQ,—%ZE%) fo € F,
y(w) = (2522, 8882 —qo (21 + 22)%)  if w € Fo,
(acl,%,—%x%) if v € Fs.
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Further, at & = (0,0) we have y(z) = (0,0,0) and the set of the multipliers is
A=A eRL|N + A =1},

while for all x # (0,0) the gradients of the lower level constraints active at y(x) are linearly
independent and the unique multiplier is given by

(1,0) ifl’ € Fi,
o) = { (i3 2oy i e Fy) (16)
(O, 1) ’if:L’ € F3.

Since
11— xa+ g2l ifw €,
Flz,y(z) = { (21 + 22)? if x € F,
ix — %a:l + %x% if v € F3,
and F = F1 U Fo U F3, we see that (z,7) is a globally optimal solution of the MPEC.
The original problem is equivalent to the following MPCC:

in;ri 1= S +x9 — %y2 — Y3
s.t. x,y, A fulfill (15),

—2x1 — 22 <0,

—x1 — 2x9 < 0.

The feasible region of this problem is

a= | {@y@) A@)U{(E 5} x A).

TH#TEF

Any (z,y,\) where A € A is a globally optimal solution. However it is easy to verify that unless
A1 = A2 = 0.5, any (Z,y,A) is not even a weak stationary point, implying by [12, Theorem 7]
that MPCC-GCQ and consequently MPCC-ACQ fails to hold. Now consider A = (0.5,0.5).
The MPEC linearized cone Tﬁ‘},oc(i,yj, A) is the collection of all (u,v, u) such that

1.5U1 — Ul 0
1.51}2 — U9 = 0
p1 + 2 0

v3 = 0,
—2u1 — Uug S 0, —Uuir — 2’u,2 § 0. <17)
Next, we compute the actual tangent cone T (Z,y, \). Consider sequencesty | 0, (uF, v*, uF) —
(u,v, ) such that (z,7,\) + ti(uF, % u¥) € Q. If uF # 0 for infinitely many k, then
T+ tpuf £ 0, and hence (§ + tpoP, X + tp®) = (y(Z + truf), N(& + tpu®)) for those k. Since
A = (0.5,0.5), it follows from (16) that T + tpu® € Fy for infinitely many k, implying, by
passing to a subsequence if necessary,

_y@tut) -y
v = lim
k—o0 tr

1
= g(m + ug, u1 + u2,0)
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and

2u’f—u’2" 2u§—u1
oy M@ ) =X (s i) = (05,0.5)
= ham = lim
H k—00 (7 k—oc0 L
u’llz—u% u%—uz)
—  lim 1.5t s

Hence, v1 = vy = %(ul + ug), v3 = 0 and py + pe = 0. Also from (17), we have u; = uy
since v1 = vz and the tangent cone Tg(Z,y, ) is always a subset of the MPEC linearized
cone T, (Z, 9, \) (see e.g., [11, Lemma 3.2]). Further, since T + tyu® € Fo, we must have
up > 0. If u® = 0 for all but finitely many k, then we have v¥ = 0 and A+ t,u* € A, implying
p1 + p2 = 0. Putting all together, we obtain that the actual tangent cone T5(Z,y,\) to the
feasible set is the collection of all (u,v, pu) satisfying

2
up =ug > 0,v1 =vg = 3UL

vy =0, u1 + p2 = 0.

Now it is easy to see that Ts(Z, 7, \) # Tﬁ}f};cc(i‘,g, A). Moreover, since both T5(Z,y,\) and
T (Z,9,\) are conver polyhedral sets, one also has (Tg(Z,5,N))° # (Tatbhee(Z, 4, A))°,
and thus MPEC-GCQ does not hold for A = (0.5,0.5) as well.

4 Sufficient condition for MSCQ

As we discussed in the introduction and section 3, there are much difficulties involved in
formulating an MPEC as (MPCC). In this section, we turn our attention to problem (MPEC)
with the constraint system defined in the following form

0= {(:L‘,y) : g(ex?s;?é/)o_‘_ Nr(y) }, (18)

where ' := {y € R™|g(y) <0}, ¢ : R” x R™ — R™ and G : R” x R™ — RP are continuously
differentiable, and g : R™ — RY is twice continuously differentiable. Let (Z,y) be a feasible
solution of problem (MPEC). We assume that MSCQ is fulfilled for the constraint g(y) < 0
at . Then by definition, MSCQ also holds for all points y € I" near g, and by Proposition 4
the following equations hold for such y:

Nr(y) = Nr(y) = Vg(y)" Naa (9(y)),

where Nga (g(y)) ={A e RL [\ =0,i € Z(y)} and Z(y) :={i € {1,...,¢}|gi(y) = 0} is the
index set of active inequality constraints.

For the sake of simplicity, we do not include equality constraints in either the upper or
the lower level constraints. We are using MSCQ as the basic constraint qualification for both
the upper and the lower level constraints, and this allows us to write an equality constraint
h(z) = 0 equivalently as two inequality constraints h(x) < 0, —h(z) < 0 without affecting
MSCQ.

In the case where I" is convex, MSCQ is proposed in [37] as a constraint qualification for
the M-stationary condition. Two types of sufficient conditions were given for MSCQ. One is
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the case when all involved functions are affine, and the other is when metric regularity holds.
In this section, by making use of FOSCMS for the split system in Theorem 2, we derive
some new sufficient condition for MSCQ for the constraint system (18). Applying the new
constraint qualification to the problem in Example 1, we show that in contrast to the MPCC
reformulation, under which even the weakest constraint qualification MPEC-GCQ fails at
(Z,9,A) for all multipliers A, the MSCQ holds at (Z,y) for the original formulation.

In order to apply FOSCMS in Theorem 2, we need to calculate the linearized cone TSH(Z),
and consequently we need to calculate the tangent cone Tgph M (g, —¢(z,7y)). We now perform
this task. First we introduce some notations. Given vectors y € I', y* € R™, consider the set
of multipliers

Aly,y") = {A eRL| Vg(y)" A = y*, i = 0,i ¢ Z(y) }. (19)

For a multiplier A, the corresponding collection of strict complementarity indexes is denoted
by

It ={ief{l,....¢}|] \i >0} for A=(A1,...,Ag) €RL. (20)

Denote by £(y,y*) the collection of all the extreme points of the closed and convex set of

multipliers A(y, y*), and recall that A € A(y, y*) belongs to £(y, y*) if and only if the family

of gradients {Vg;(y) [i € I*(\)} is linearly independent. Further &(y,y*) # 0 if and only if

A(y, y*) # (0. To proceed further, recall the notion of the critical cone to T at (y,y*) € gph Np

given by K(y,y*) := Tr(y) N {y*}*, and define the multiplier set in a direction v € K (y,y*)
by

Aly,y*;v) = argmax {v" V2 (AT g)(y)v | A € Aly. y")}- (21)

Note that A(y,y*;v) is the solution set of a linear optimization problem, and therefore

Aly,y*;v) N E(y,y*) # 0 whenever A(y,y*;v) # (). Further, we denote the corresponding
optimal function value by

0(y,y*;v) = max {v V> (\Tg)(y)v| A € Aly, y")}- (22)
The critical cone to I' has the following two expressions.

Proposition 6. (see e.g., [17, Proposition 4.3]) Suppose that MSCQ holds for the system
g(y) € RL aty. Then the critical cone to T at (y,y*) € gph Nr is a convex polyhedron that
can be explicitly expressed as

K(y,y") = {v|Va(y)v € Tpa (9(y)),v"y* = 0}.
Moreover, for any A € A(y,y*),
*\ =0 Zf >\i >0
Kt = {olvawo { 209370 b

Based on the expression for the critical cone, it is easy to see that the normal cone to the
critical cone has the following expression.

Lemma 1. [19, Lemma 1] Assume MSCQ holds at y for the system g(y) € RL. Let v €
K(y,y*), A € Ay, y*). Then

Ni () (0) = {Vg() " ulu" Va(y)o =0, 1 € Ty, (40 (M)}-
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We are now ready to calculate the tangent cone to the graph of ]Vp. This result will
be needed in the sufficient condition for MSCQ, and it is also of an independent interest.
The first equation in the formula (23) was first shown in [19, Theorem 1] under the extra
assumption that the metric regularity holds locally uniformly except for g, whereas in [6] this
extra assumption was removed.

Theorem 4. Given § € T, assume that MSCQ holds at i for the system g(y) € RL. Then
there are a real k > 0 and a neighorhood V of § such that for any y € ' NV and any
y* € Nr(y), the tangent cone to the graph of Nt at (y,y*) can be calculated by

Toon e W 97) (23)
= {(v,v*) € R2m| AN e Aly,y";v) with v* € VQ()\Tg)(y)v + NK(%y*)(v)}
= {(v,v") € R2m| IN € Ay, y%;0) Nk|ly*||Bre with v* € V2(Ag)(y)v + Nk (V) }5
where the critical cone K(y,y*) and the normal cone N, (v) can be calculated as in

Proposition 6 and Lemma 1, respectively, and the set gph Nr is geometrically derivable at
(v,y7)-

Proof. Since MSCQ holds at 3 for the system g(y) € R?, we can find an open neighborhood
V of y and and a real x > 0 such that

d(y,T) < wd(g(y),RL) Vy €V, (24)

which means that MSCQ holds at every y € I' N V. Therefore K(y,y") and Ng(y ) (v) can
be calculated as in Proposition 6 and Lemma 1, rgspectively. By the proof of the first part
of [19, Theorem 1], we obtain that for every y* € Nr(y),

{(v,v*) € R2m| 3N € Ay, y*;v) Nklly*||Bre with v* € V(M g)(y)v + NK(yy*)(v)}

C {(v,0*) eR*"| TN € A(y,y*;v) with v* € Vi g)(y)v + Ng gy (0) }
C {(v,v") € RQm‘ ltig)lt_ld((y +tv, y" + tv*),gphﬁp) =0}

S Tnm W y)

We now show the reversed inclusion

Toon e W:97) (25)

C {(v,v") € ]Rzm’ I € Aly,y*;0) Nklly*||Bre with v* € V2(Ag)(y)v + Nk gy (v) }-

Although the proof technique is essentially the same asA[19, Theorem 1], for completeness we
provide the detailed proof. Consider y € TNV, y* € Np(y) and let (v, v*) € Tgphﬁp (y, y*).
Then by definition of the tangent cone, there exist sequences t; | 0,v; — v,v; — v* such
that y; = y* +t,v; € Np (yx), where yy := y + txvg. By passing to a subsequence if necessary
we can assume that yj, € V Vk and that there is some index set Z C Z(y) such that Z(yy) = Z
hold for all k. For every i € Z(y), we have

=0 ifieZ,

9i(yr) = 9i(y) + teVgi(y)vk + otk) = t,Vgi(y)vk + o(tk) { <0 ifieT(y\T. (26)

16



Dividing by t; and passing to the limit we obtain

=0 ifieZ
Vi L 27
g(y)v{ <0 ifieZ(y)\7, 27)

which means v € Ti"(y). Since MSCQ holds at every y € I' NV, we have that the GACQ
holds at y as well, and hence v € Tr(y).

Since (24) holds and y;, € V', y;; € Nr(yk) = Nr(yg), by Theorem 3, there exists a sequence
of multipliers A* € A(yk,y;) Nk||y;|Bre as k € N. Consequently, we assume that there exists
c1 > 0 such that [|A\F|| < ¢; for all k. Let

U=(y*) = (A e RYVg(y) A =y*, A > 0,i € Z,\; = 0,i ¢ I}. (28)

By Hoffman’s Lemma, there is some constant 3 such that for every y* € R™ with Wx(y*) # 0,
one has

d(X\, z(y*) < BUIVaw) X =yl + ZmaX{—)\i, 0} + Z |Ail) YA € RY (29)
i€l ig¢Z
Since
V()" M —y* = tyo + (Va(y) — Valyr) "\

and [|[Vg(y) —Vg(yr)|| < callyx —yl| = cati||vi|| for some ca > 0, by (29) we can find for each &k
some \* € Wz(y ) C Ay, y*) with [N*=X¥|| < Bty ([|ogl|+crcallvg]). Taking pb i= (AE—=2F) /1y

we have that (u ) is uniformly bounded. By passing to subsequence if necessary, we assume
that (\*) and (u*) are convergent to some A € A(y,y*) Nkljy* | Bra, and some p, respectively.
Obviously the sequence ()\k) converges to A as well. Since \f = )\k = 0,7 ¢ Z, by virtue of

(27) we have p* Vg( Jv = 0 Vk, implying
e (Vyly)™ (30)
Taking into account )\kTg(yk) = 0 and (26), we obtain
kT

0= tim 290 _

k—o0 tr k—o0

NG g(yyo, =y .

Therefore combining the above with v € Ty (y), we have
v e K(yy"). (31)

Further, we have for all A" € A(y, y*), since Mo Ay, y*),

0 < (W — X)) = (% — X)T(g() + eVg(u)ok + =

StRvk V2g(y)vk + o(t}))

= (k-T2 tkv}{VQg(y)vk + o(t}))-
Dividing by ¢; and passing to the limit, we obtain (A — X)TvTV2g(y)v >0 VN € A(y,y*),
and hence A € A(y, y*;v).

Since _
yi = Va(y) '\ + top = Vg(ye) T AR,
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we obtain

Tyk Tk
o = Tim vp = lim W) A" = Valy) A

k—o0 k—o0 tr

i (V) — V)N + V()" (A - 2)
k—o0 th

= V2(\T9)(w)v+ Va(y) p.

IfpeTn, (9(y))(A), since (30) holds, by using Lemma 1 we have Va(y) ' € Ni(yy) (v), and

hence the inclusion (25) is proved. Otherwise, by taking into account

_ g #i >0 if \; =0and i€ Z(y)
TNRQ_(Q(y))(A)_{MGR ’ MZZO lflg.'[(y) )

and p1; = 0,4 & I, the set J = {i € fﬁ\ Ai = 0, p; < 0} is not empty. Since uF converges to i, we
can choose some index k such that u# = (\F—X\¥) /t; < p;/2Vi € J. Set i := p+2(\F = \) /t;.
Then for all ¢ with A; = 0, we have p; > u; and for all i € J, we have

i = i + 208 = )/t > i + 208 = 3B/t > 0,

and therefore g € T, A). Observing that Vg(y)'n = Vg(y)T 1 because of AR €

R (g(y))(
A(y,y*), and taking into account Lemma 1 we have Vg(y)' 7 € Ni(y,y+)(v), and hence the
inclusion (25) is proved. This finishes the proof of the theorem.

O

Since the regular normal cone is the polar of the tangent cone, the following characteri-
zation of the regular normal cone of gph Np follows from the formula for the tangent cone in
Theorem 4.

Corollary 2. Assume that MSCQ is satisfied for the system g(y) <0 aty €T'. Then, there is
a neighborhood V' of § such that for every (y,y*) € gph Nr with y € V the following assertion

holds: given any pair (w*,w) € ngh R (y,y*) we have w € K(y,y*) and

(w*, w) + w V2T g)(y)w < 0 whenever \ € Ay, y*;w). (32)

Proof. Choose V such that (23) holds true for every y € I' NV, and consider any (y,y") €
gph Np with y € V and (w*,w) € nghJ\Afr (y,y*). By the definition of the regular normal

cone, we have ngh R (y,y*) = (Tgph o (y, y*))o and, since {0} x NK(%y*)(O) - Tngh R (y,y%),
we obtain
(w*,0) + (w,v*) <0 Vv* € Ng(yy(0) = K(y,9)°,

implying w € clconv K (y,y*) = K(y,y*). By (23), we have (w, V(AT g)(y)w) € Tgph e (y,y*)
for every A € Ay, y*; w), and therefore the claimed inequality

(w*, w) + (w, V’ (A g)(y)w) = (w*, w) + w" V*(ATg)(y)w < 0
follows. Il

The following result will be needed in the proof of Theorem 5.
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Lemma 2. Given j € I, assume that MSCQ holds at ij. Then there is a real K&’ > 0 such that
for any y € T sufficiently close to y, any normal vector y* € Nr(y) and any critical direction
v € K(y,y*) one has

Ay, y";0) NE(y, y*) N K ||y || Bra # 0. (33)

Proof. Let k > 0 be chosen according to Theorem 4, and consider y € I' as close to § such
that MSCQ holds at y and (23) is valid for every y* € ]Vp(y) Consider y* € Nr(y) and
a critical direction v € K(y,y*). By [17, Proposition 4.3] we have A(y,y*;v) # 0 and, by
taking any A € A(y,y*;v), we obtain from Theorem 4 that (v,v*) € Tgphﬁr(y, y*) with v* =
V2(A\Tg)(y)v. Applying Theorem 4 once more, we see that v* € V2(ATg)(y)v + Ny (v)
with A € A(y,y*;v) N &|y*||Bra, showing that A(y,y*;v) N &|y*||Bre # 0. Next consider a
solution X of the linear optimization problem

q
minz Ai subject to A € Ay, y™;v).
i=1

We can choose A as an extreme point of the polyhedron A(y,y*;v), implying A € &£(y,y*).
Since A(y,y*;v) € R%, we obtain

q q
A<= 3 A <

=1 =1 7

X < ValAll < varlly*l,

and hence (33) follows with =" = k,/q. O

We are now in position to state a verifiable sufficient condition for MSCQ to hold for
problem (MPEC).

Theorem 5. Given (Z,y) € Q defined as in (18), assume that MSCQ holds both for the
lower level problem constraints g(y) < 0 at y and for the upper level constraints G(x,y) < 0
at (Z,y). Further assume that

V.G(z,9)'n =0, n€ Ngr (G(Z,5)) = V,G(Z,5) n=0, (34)
and assume that there do not exist (u,v) # 0, A € A(y, —¢(Z,9);v) N E(Y, —¢(Z,7)), n € RY
and w # 0 satisfying

VG(:E7 g) (U, /U) € TRZL (G(jv g))’ ( )
(U, _vl‘gb(j% g)u - vyﬁf)(f’ g)’l)) € Tgph ﬁr‘ (gv _QS(:E’ g))’ ( )
~Vad(z,9) w + VuG(2,9) 1 =0, n € Ngr (G(2,9), 1" VG (Z,9)(u,0) =0, (37)
Vai(y)w = 0,i € IT(X), w" (Vyo(@,9) + V2 (A g(5)) w — 0" V,G(z,5)w <0, (38)

where the tangent cone T, | 5 (y,—o(Z,7)) can be calculated as in Theorem 4. Then the
multifunction Myprc defined by

Myprc(z,y) = < (bg(f’)y—)i_ivﬂgg) ) (39)

is metrically subregular at ((Z,7),0).
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Proof. By Proposition 3, it suffices to show that the multifunction P(x,y) — D with P and
D given by

P(z,y) := ( y’(;(i(z)y) ) and D := gphﬁp x R?.

is metrically subregular at ((a’c, 9), O). We now invoke Theorem 2 with

Pl(:(},y) = (y,—¢(x,y)), PQ(xvy) = G(.’L’,y), D, = gph]/\\fF7D2 = Rli

By the assumption, P»(z,y) — Dy is metrically subregular at ((Z,7),0). Assume to the
contrary that P(-,-) — D is not metrically subregular at ((:z,fg),o). Then by Theorem 2,
there exist 0 # 2z = (u,v) € Ta*(z,y) and a directional limiting normal 2* = (w*,w,n) €
R™ x R™ x RP such that VP(z,9)T2* = 0, (w*,w) € nghNF(Pl(j,g);VPl(f,g)z), n €
Ner (G(Z,7); VG(Z, ) (u,v)) and (w*,w) # 0.

Hence (2. 9)7 (2.9)T
T . —V29(Z, 9w+ V,G(z,9)'n )
0=VP(z, Tzz( . g A . 40
@) w* = Vyb(@,5)w + Vy,G(Z,5) (40)
Since z = (u,v) € Ti*(Z,7), by the rule of tangents to product sets from Proposition 1, we
obtain
— =\ _ (Ua —ngi)(i“,gj)u - qub(i,g)v) (5 o = =
VP(z,9)z = < VG(z,7)(u,v) € TgthF(y,y ) X TR’; (G(I,y)),
where 7* := —¢(Z,7). It follows that (v, —=V.¢(Z,7)u — Vyo(Z,7)v) € Tgphﬁp(g’ ¥*), and

consequently by Theorem 4 we have v € K(y,y*). Further we deduce from Proposition 2 that
0 € Ngr (G(2,7)), 0" VG(Z,7)(u,v) = 0.

So far we have shown that w,v,n,w fulfill (35)-(37). Further we have w # 0, because if
w = 0, then by virtue of (34) and (40) we would obtain V,G(z,4)'n =0, V,G(z,5)Tn =0
and consequently w* = 0, contradicting (w*,w) # 0. If we can show the existence of A €
A(g,5*;v) N E(Y, y*) such that (38) holds, then we have obtained the desired contradiction to
our assumptions, and this would complete the proof.

Since (w*,w) € Ny N (Pi(z,y); VPi(Z,y)z), by the definition of the directional limiting
normal cone, there are sequences ti, | 0, di, = (vg,v;) € R™ x R™ and (w;,wy) € R™ x R™

satisfying (wy,wr) € nghﬁF(Pl(a?,gj) + trdy) Yk and (dg, wi,wy) — (VPI(Z,7)z,w*, w).

That is, (ys, u}) = (5,7°) + tr(vr, v5) € eph Np, (wf,wi) € N,y 5 (e, v) and (vg, vf) —
(v, =V20(Z,y)u — Vyé(Z,y)v). By passing to a subsequence if necessary, we can assume that
MSCQ holds for g(y) < 0 at yj, for all k, and by invoking Corollary 2 we obtain wy, € K (yi, y;),
and

wiTwy +wl V(AT g) (yr)wy < 0 whenever A € A(yg, yj; w). (41)

By Lemma 2, we can find a uniformly bounded sequence \* € A(yy, yi;wi) N E(yk, yi). In
particular, following from the proof of Lemma 2, we can choose A* as an optimal solution of
the linear optimization problem

q
minz Ai subject to A € A(yk, yj; wg)- (42)
=1
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By passing once more to a subsequence if necessary, we can assume that \¥ converges to A,
and we easily conclude A € A(7,7*) and w*Tw + wTV2(ATg)(7)w < 0, which together with
w* — V,(z,9)Tw + V,G(z,5)Tn = 0 (see (40)) results in

w' (Vyo(z,9) + V2(A9)() w — 0" VyG (2, g)w < 0. (43)
Further, we can assume that I7(X) C I"(A\*) and therefore, because of A\* € Nga (g(yx)),

Mg(yr) = )\kTg(yk) = 0. Hence for every A € A(y,y*) we obtain

0> (A=Ngw)
= A=N"9@) + V(=X @) (yr — 1)

5k~ )"V~ DT 9)@) e — ) + ol — 31)

12 -
= fv%fvz((k ~N9) @)k + o2 |vr]?).

Dividing by ¢2/2 and passing to the limit yields 0 > vTV2((A — A)Tg)(¥)v, and thus A €
A(y,5%;v). Since wy, € K (yk, y;), by Proposition 6, we have Vg;(yx)wr = 0, i € I'T(A\¥), from
which Vg;(g)w =0, i € IT()) follows.

It is known that the polyhedron A(y,7*) can be represented as the sum of the convex
hull of its extreme points £(¥,7*) and its recession cone R := {\ € Nt (9(9))|Vg(H)T A =

0}. We show by contradiction that A€ conv &(Y,y*). Assuming on the contrary that A\ &
conv (g, y*), then X has the representation A = \¢ + A" with A¢ € conv E(y,y*) and A" # 0
belongs to the recession cone R, i.e.

X" € Nga (9(9)), V()T A" =0. (44)
Since AF € A(yk, yi; wy), it is a solution to the linear program:

Tx72\T
max V(A
A>0 W ( g)(yk)(wk)

s.t. Vg(yk)T)\ =5,
A g(yr) = 0.

By the duality theory of linear programming, for each k there is some rp € R™ verifying
Vgilyr)rs + wi V2gi(yr)wr, <0, A (Vailyr)ry + wi V2gi(yr)wy) = 0, i € T(yx).

Since A(yk, yi; wi) = {X\ € Ayk, yi) | wi V2 (N 9) (ye)wr > 0(yk, yi; wi)} and A solves (42),
again by the duality theory of linear programming we can find for each k£ some s € R™ and
Br € R4 such that

Vi(yr)sk + Brwi Vgi(yp)we < 1, X (Vgi(yr)se + Bewi V2gi(yp)we — 1) = 0, i € I(yp).
Next we define for every k the elements \¥ € RZ, &, € R™ by

X if i e IH(AT),

7

A= L ifge YR\ T (),
0 else,
& = Vg(yr) A", (45)
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Since I*(\") C IT(X) C IT(\F), we obtain IT(M\*) = IT(\%), Ak € Nga (g(ys)) and & €
Nr(yx). Thus wy, € K (yx, &) by Proposition 6 and

Vgi(yr)rs + wi V2gi(yr)wr < 0, MN(Vgi(yr)ri + wi V23gi(yp)wi) = 0, i € Z(yg),

implying e A(yk, &); wi) by duality theory of linear programming. Moreover, because of
It(\F) = I't(\*) we also have

Vai(yr)sk + Brwl Vigi(yp)wr < 1, MN(Vgi(yr)sk + Brwt V2gi(yp)wr — 1) = 0, i € T(yg),

implying that M is solution of the linear program

q
minz Ai subject to A € A(yx, & wi),
i=1

and, together with A(yg, &5 we) € RY,

1 d q v
min{||Al | A € Alye, &3 wr)} = —=min{) N[ A € Alyg, G wp)} 2 =52 = 6> 0.
Vi Z; Vi
Taking into account that limg .o A¥ = A" and (44), (45), we conclude limy o, ||| = 0,

showing that for every real £’ we have

Ayr, & we) N E (yr, §1) VR 1€51Bra © Alyr, &5 wi) N A6 Bre = 0

for all k sufficiently large contradicting the statement of Lemma 2. Hence A € conv &(7, 7*)
and thus A admits a representation as convex combination

N N
X:Zajj\j with Zaj:1,0<aj§1, Ne&wy), j=1,...,N.
j=1 j=1

Since A € A(7, §*;v), we have 0(7, 7*;v) = v VZ(Ag)(y)v = Z;V:1 ajUTVQ(S\jTg)(ﬂ)U imply-
ing, together with UTVQ(;\jTg)(gj)v < 0(y,y*;v), that vTvz(;\jTg)(gj)v = 0(y,y*;v). Conse-

quently M € A(,7*;v). Tt follows from (43) that

N o

>y (w7 (Vyo(@,9) + VAN g)()w - 0"V, Gz, )

j=1

=w" (Vyo(z,9) + V(N 9)(@) w — 1" V,G(Z, g)w < 0,
and hence there exists some index j with
T
W (9,6(2,5) + VAV 9)()) w — 0" V,G(@, w < 0.

A=

Further, by Proposition 6, we have Vg;()w = 0 Vi € I'T(X) 2 I'"(X), and we see that (38)
is fulfilled with A\ = M. O
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Example 2 (Example 1 revisited). Instead of reformulating the MPEC as a (MPCC), we
consider the MPEC in the original form (MPEC). Since for the constraints g(y) < 0 of the
lower level problem, MFCQ is fulfilled at iy and the gradients of the upper level constraints
G(z,y) < 0 are linearly independent, MSCQ holds for both constraint systems. Condition
(34) is obviously fulfilled due to V,G(x,y) = 0. Setting y* = —¢(z,y) = (0,0,1), as in
Ezxample 1 we obtain
AGT*) = {(A, A2) € RE |\ + Ao =1}

Since Vg1(y) = Vga(y) = (0,0,1) and for every X € A(y,y*) either Ay > 0 or A2 > 0, we
deduce

W) :={weR¥|Vgi(7)w=0, i e IT(\)} =R x {0} V\ec A7 7).
Since
w’ (Vyo(z,7) + V(A 9) (1) w — 0" VyG(Z, 7)w = (1 + A)wi + (14 Ao)wj > 0,

there cannot exist 0 #w € W(X) and A € A(y,y*) fulfilling (38). Hence by virtue of Theorem
5, MSCQ holds at (z,7).
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