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Truncated Hermite polynomials

Diego Dominici

We consider the family of polynomials pn (x; z) , orthogonal with respect to
the inner product

〈f, g〉 =
∫ z

−z
f (x) g (x) e−x

2

dx.

We show some properties about the coe�cients in their 3-term recurrence
relation, connections between pn (x; z) and p

′
n (x; z) , a second order di�erential

equation satis�ed by pn (x; z) , and an electrostatic interpretation of their zeros.
This is joint work with Prof. Francisco Marcellán Español from Universidad

Carlos III de Madrid.

Non-integrability algorithm for Hamiltonians in the case of Fuchsian

normal variational equations

Georgi Georgiev

In this presentation we propose a relatively general method for studying the
non-integrability of Hamiltonian systems whose normal variational equations
are of the Fuchsian type. In fact, the conditions that we will formulate in the
algorithm are necessary, but their consistent use makes it possible to study for
commutativity the group of Monodromy and Di�erential Galois group around
of the regular singular points for these linear equations.
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Best uniform rational approximation with arbitrary degrees of

numerator and denominator

Irina Georgieva, Clemens Hofreither

We present a novel algorithm, inspired by the recent BRASIL algorithm, for
best uniform rational approximation based on a formulation of the problem as a
nonlinear system of equations and barycentric interpolation. We derive a closed
form for the Jacobian of the system of equations and formulate a Newton's
method for its solution. The resulting method for best uniform rational ap-
proximation can handle singularities and arbitrary degrees for numerator and
denominator. It typically converges globally and exhibits superlinear conver-
gence in a neighborhood of the solution.

Interesting auxiliary results include formulae for the derivatives of barycen-
tric rational interpolants with respect to the interpolation nodes, and for the
derivative of the nullspace of a full-rank matrix.

Supported by the bilateral project KP-06/Austria/8/2019 (WTZ BG 03/2019),
funded by Bulgarian National Science Fund and OeAD (Austria).

BURA-based e�cient numerical solvers for fractional-in-space

di�usion problems

Stanislav Harizanov

This talk is devoted to the experimental analysis of the behavior of the
univariate error Eq,k,α, related to the (k, k) best uniform rational approximation
(k-BURA) rq,k,α(t) of the function tα/(1 + qtα) on the unit interval. In our
previous works it has been established that Eq,k,α is an upper bound for the
`2 approximation error of a BURA-based numerical solver for the fractional in
space discretized di�usion-reaction problem u = (Aα + qI)−1 f , where A is an
SPD matrix with spectrum in [1,+∞), and its fractional power is derived with
respect to spectral decomposition.

We will show that

Eq,k,α = C(q, k, α)
E0,k,α

1 + q
,

with C(q, k, α) strictly monotonically increasing with respect to all three argu-
ments. Furthermore, for a �xed k = k0 we will investigate the limit
limα→1,q→∞ C(q, k0, α) and will provide numerical evidence that it should be

�nite. Therefore, since E0,k,α ∼ 41+α| sin(πα)|e−2π
√
kα, we conjecture that

Eq,k,α = O(q−1)e−2π
√
kα. For the numerical experiments, the BRASIL software

has been used.
This is a joint work with Nikola Kosturski, Ivan Lirkov, Svetozar Margenov,

and Yavor Vutov (IICT-BAS). The research is partially supported by bilateral
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project KP-06/Austria/8/2019 (WTZ BG 03/2019), funded by Bulgarian Na-
tional Science Fund and OeAD (Austria).

On the smoothest interpolant in the space W 3
2 [a, b] satisfying

boundary conditions

Velina Ivanova, Rumen Uluchev

Let n be a natural number, y = (y0, y1, . . . , yn+1) be given real numbers and
[a, b] be a �nite subinterval of the real line. We set

Xn :=
{
x = (x0, x1, . . . , xn+1) : a = x0 < x1 < · · · < xn+1 = b

}
.

In 1988, Allan Pinkus [1] investigated the extremal problem

inf
x∈Xn

inf
f∈W r

p [a,b]

{
‖f (r)‖p : f(xi) = yi, i = 0, . . . , n+ 1

}
,

where as usual, byW r
p [a, b] we denote the Sobolev space and ‖·‖p is the Lp[a, b]-

norm, 1 ≤ p ≤ ∞. Pinkus proved results on existence, characterization, and
uniqueness of (optimal) knots x∗ ∈ Xn and a function (smoothest interpolant)
f∗ from the space W r

p [a, b] for which the in�ma above are attained.
We focus on the extremal problem for interpolants f ∈ W 3

2 [a, b], satisfying
additional boundary conditions. Our main results concerning characterization
and uniqueness of the optimal knots x∗ and the smoothest interpolant f∗ are
proved in [2] and in full details in �rst author's M. Sc. Thesis [3]. We present
an algorithm for �nding the smoothest spline interpolant in W 3

2 [a, b]. The algo-
rithm is illustrated by numerical examples.

[1] A. Pinkus, On smoothest interpolants, SIAM J. Math. Anal. 19, 1988,
1431�1441.

[2] V. Ivanova and R. Uluchev, Smoothest interpolation with boundary con-
ditions in W 3

2 [a, b], Ann. So�a Univ., Fac. Math. and Inf. 106, 2019, 153�174.
[3] V. Ivanova, Smoothest Interpolation with Boundary Conditions inW 3

2 [a, b],
M. Sc. Thesis, Faculty of Mathematics and Informatics, So�a University �St.
Kliment Ohridski�, So�a, 2020 (in Bulgarian).

The research was supported by the bilateral project KP-06/Austria/8/2019
(WTZ BG 03/2019), funded by Bulgarian National Science Fund and OeAD
(Austria)

3



Exact model reduction for rational dynamical systems

Antonio Jiménez-Pastor

In this talk we are going to study exact model reductions for dynamical
systems of the form ẋ = f(x), where x = (x1, . . . , xn) and f : Rn → Rn.

Many dynamical systems coming from life sciences involve dozens or even
hundreds of state variables. These models are not only harder from a numerical
perspective (e.g. for parameter estimation or simulation) but it is also di�cult to
derive mechanistic insight from such models. Exact model reduction is a way to
address this issue by �nding a self-consistent lower-dimensional projection of the
corresponding dynamical system preserving, at the same time, some quantities
we want to keep track.

The recent software CLUE (developed in Python) allows one to compute
minimal reductions when the new macro-variables are linear forms of the original
state-variables, and when the system has polynomial dynamics.

In this talk we are going to present two extensions to this software. The �rst
extension allows us to compute minimal reductions for linear macro-variables
when the systems have rational dynamics. This extension, which uses exact
automatic di�erentiation and a probabilistic algorithm, has already been in-
corporated to CLUE. The second extension will allow us to compute minimal
reductions when the macro-variables are polynomials in the original state vari-
ables. We will also show how this approach provides new non-trivial reductions
using a �rst implementation in Maple.

This is a joint work with Gleb Pogudin, Joshua P. Jacob and Mirco Tribas-
tone

Semismooth∗ Newton method for l1 penalization

Michael Mandlmayr

For a given function f : Rn → Rm we are interested in solving the following
least-squares problem:

min ||f(x)||2 + α||x||1
A way to go is applying a Newton method for �nding zero of the sub-di�erential.
This approach leads to the problem of �nding x such that

0 ∈ 2∇f(x)T f(x) + α∂||x||1.

This is not a smooth equation. This is not even an equation. This is a general-
ized equation.

Luckily, the latest tool in the arsenal of Newton methods, the semismooth∗

Newton method, is tailored exactly for this situation. In contrast to other
Newton type methods this class typically consists of two main steps:
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1. Approximation Step: Computes a point on the graph of the set-valued
mapping.

2. Newton Step: Linearizes the set-valued mapping in the point given by
the Approximation step.

We will present the basic concepts of the semismooth∗ Newton methods,
some important results and the particular application to the l1 penalization,
which is still work in progress.

Estimates for the largest critical value of T
(k)
n

Geno Nikolov

This talk is based on the joint work [1] with Nikola Naidenov from So�a
University St Kliment Ohridski. We study the quantity

τn,k :=
|T (k)
n (ωn,k)|
T

(k)
n (1)

,

where Tn is the n-th Chebyshev polynomial of the �rst kind and ωn,k is the

largest zero of T
(k+1)
n . Since the absolute values of the local extrema of T

(k)
n

increase monotonically towards the end-points of [−1, 1], the value τn,k shows

how small is the largest critical value of |T (k)
n | relative to its global maximum

T
(k)
n (1). The interest in this quantity is inspired by its applications to the proof

of some inequalities of Markov and Landau-Kolmogorov type.
In the recent paper [2] upper bounds and asymptotic formuae for τn,k have

been obtained on the basis of the explicit form of the Schae�er�Du�n pointwise
majorant [3] for polynomials with absolute value not exceeding 1 in [−1, 1],
found by Alexei Shadrin.

Here we exploit a result of Knut Petras [4] about the weights of the Gaussian
quadrature formulae associated with the ultraspherical weight function wλ(x) =
(1−x2)λ−1/2 to �nd an explicit (modulo ωn,k) formula for τ

2
n,k. This enables us

to prove a lower bound and to re�ne the upper bounds for τn,k obtained in [2].
It admits also a new derivation of an assymptotic formula approximating τn,k
as n → ∞, obtained in [2]. The new approach is simpler, without use of deep
results about the ordinates of the Bessel function, and allows to better analyze
the sharpness of our estimates.

[1] N. Naidenov, G. Nikolov, Estimates for the largest critical value of T
(k)
n ,

2022 (submitted).

[2] N. Naidenov, G. Nikolov, A. Shadrin, On the largest critical value of T
(k)
n ,

SIAM J. Math. Anal. 50(3), 2018, 2389�2408.
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[3] A.C. Schae�er and R. J. Du�n, On some inequalities of S. Bernstein and
W. Marko� for derivatives of polynomials, Bull. Amer. Math. Soc. 44 (1938),
no. 4, 289�297.

[4] K. Petras, An asymptotic expansion for the weights of Gaussian quadra-
ture formulae. Acta Math. Hungar. 70(1�2), 1996, 89�100.

C2-�nite sequences: a computational approach

Philipp Nuspl

We de�ne a class of sequences which satisfy a linear recurrence with co-
e�cients that, in turn, satisfy a linear recurrence with constant coe�cients
themselves, i.e., are C-�nite. These C2-�nite sequences are a natural general-
ization of P -�nite sequences. These C2-�nite sequences form a ring and satisfy
additional computational properties. It turns out that, compared to P -�nite
sequences, the algorithmic aspects are much more involved and are related to
di�cult problems in number theory. Furthermore, we present and discuss an
implementation of these methods in the computer algebra system SageMath.

TBA

Veronika Pillwein

TBA

Mass lumping and quadrature formulas

Bogdan Radu

We consider the numerical approximation of wave propagation problems in
time domain by the �nite element method. To allow for e�cient time stepping
schemes, we consider mass-lumping strategies based on inexact numerical inte-
gration, which give the mass matrix a block-diagonal structure. The quadrature
rules we use have to satisfy certain conditions that go beyond exact polynomial
integration. Moreover, we sometimes have to consider non-trivial spaces to go
along with the quadrature rules, which introduces further complications...
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Quadrature in Isogeometric Analysis for faster assembly and more?

Stefan Takacs

Isogeometric Analysis is a variant of the �nite element method, where basis
functions based on (tensor-product) B-splines are used for the discretization of
partial di�erential equations. For assembling the mass and sti�ness matrices,
representing the L2 or H1 scalar products, one has to evaluate integrals of
all pairs of any two B-spline functions (or their derivatives) and contributions
of the geometry transformation. These integrals are usually evaluated using
quadrature rules, like Gauss quadrature. While the assembling procedure in
standard �nite element approaches takes only a small fraction of the overall
costs, it is often the dominant factor in Isogeometric Analysis. There are some
ways to mitigate this, which we will discuss, like sum factorization, tensor-
methods and reduced quadrature rules for splines. While reduced quadrature
rules are expected to reduce the overall costs, the associated quadrature error
and its e�ects on the overall error have to be treated with caution. The reduced
quadrature rules might also help in the context of linear solvers involving the
mass matrix (these represent, for example, the L2-projections). These solvers
are of real importance since they serve as building blocks for many other solvers,
like robust multigrid solvers for Isogeometric Analysis.

Adaptivity with isogeometric patches

Stefan Tyoler

A drawback of standard Isogeometric Analysis (IgA) is its limited possibility
to localize re�nement in 2D or 3D domains. In this talk, we propose a new idea
to decompose the computational domain into multiple geometrically conforming
isogeometric elements that have usually nonconforming but nested edge knots
(i.e. the corresponding opposite knot vector can be obtained by re�nement).
The elements have a local tensor product spline structure and are coupled con-
tinuously. To employ our adaptive scheme we also need to handle emerging
T-junctions. To enforce continuity we therefore just couple the corresponding
degree of freedom of the two smaller patches and use the concatenation of the
responding knots with p− 1 repeated knots in between to couple both sides of
the whole edge.
Further we present some �rst results by employing adaptive methods using an
a posteriori error estimator on these isogeometric elements. In our adaptive
method we mark the patches by a Dör�er marking strategy and then split them
into subpatches that are equipped with the same discretization.
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Numerical simulations of multicomponent adsorption onto activated

carbon in the process of water puri�cation

Maria N. Zarcheva, Tihomir B. Ivanov

Water treatment with activated carbon is a widely used technology for water
puri�cation. Predicting the moment of exhaustment of an activated carbon �lter
is crucial for the e�ectiveness of the process. This is why numerical simulations
of the process appear as a powerful tool for the control of its quality.

We are particularly interested in the case of multiple pollutants being present
in the water. This scenario can be modelled using a system of 2N non-linear par-
tial di�erential equations of advection-adsorption type, where N is the number
of contaminants in the water.

The numerical solution of the model, however, was identi�ed as a problem
for various values of the model parameters. Thus, a semi-implicit scheme is
proposed that allows for the e�cient solution of the di�erential problem. The
proposed scheme is successfully applied for simulating the process with up to 10
contaminants in the water. The applicability of the scheme for various values
of model parameters is studied, as well as its rate of convergence. Another
practical challenge, that will also be addressed in this talk, is that a non-linear
term apperas in each of the equations, which lowers the computational e�ciency
of the algorithm. Thus, an approximation of this term based on spline functions
is proposed.
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