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CONVERGENCE ANALYSIS OF ALL-AT-ONCE MULTIGRID
METHODS FOR ELLIPTIC CONTROL PROBLEMS UNDER
PARTIAL ELLIPTIC REGULARITY*

STEFAN TAKACS' AND WALTER ZULEHNER?

Abstract. In this paper we consider the convergence theory for an all-at-once multigrid method
for a distributed optimal control problem. Such an analysis has been recently done, see [11]. Here,
we give a new proof which is based on a more straight-forward approach. The main benefit of this
new approach is the possibility to extend the analysis to domains where full elliptic regularity, i.e.,
H?-regularity for the Poisson problem, cannot be guaranteed.

Key words. PDE-constrained optimization, all-at-once multigrid methods, reduced regularity

AMS subject classifications. 65N55 35Q93 49J20

1. Introduction. The main goal of this paper is the presentation of a systematic
approach for the construction and the analysis of all-at-once multigrid methods for
parameter-dependent saddle point problems. The analysis is similar to [11], where
the following model problem was considered:

Find (y,u) € H'(2) x L?(Q) such that

«
J(y,u) = lly = ypllFz0) + §||U||2L2(Q)

is minimized subject to the state equation

—Ay+y=uin and % =0 on 09. (1.1)
Here, Q C R? (with d € {2,3}) is a bounded polygonal or polyhedral domain, L?()
and H1(£2) denote the standard Lebesgue and Sobolev spaces with associated standard
norms || - || z2(q) and || - | g1 (), respectively. yp € L*(2) is a given function (desired
state). The given parameter « > 0 is, depending on the interpretation, a cost param-
eter or a regularization parameter. For simplicity we restrict ourselves to this model
problem. The generalization to other elliptic state equations is straight-forward.

In [11] an all-at-once multigrid method was introduced. It was proven that this
method converges with rates bounded uniformly in the parameter « using the following
regularity assumption on the solution of the state equation.

(R) Full elliptic reqularity: There is a constant Cg > 0 such that for every u €
L?(), the solution y of (1.1) satisfies

ye H*(Q)  and  |lyllne(q) < CrllullL2)

Such a regularity assumption can be guaranteed, e.g., for domains with a sufficiently
smooth boundary (see, e.g., [10]) or polygonal or polyhedral domains which are convex
(see, e.g., [5] or [6]). For domains with reentrant corners, condition (R) is typically
not satisfied.

In this paper, we give a convergence proof under the weaker assumption.

*The research was funded by the Austrian Science Fund (FWF): W1214-N15, project DK12.

fDoctoral Program Computational Mathematics, Johannes Kepler University Linz, Austria,
(stefan.takacs@dk-compmath. jku.at)

fInstitute of Computational Mathematics, Johannes Kepler University Linz, Austria,
(zulehner@numa.uni-linz.ac.at)



2 S. TAKACS AND W. ZULEHNER

(R’) Partial elliptic regularity: For some s € [0,1), there is a constant Cr > 0
such that for every u € (H*(2))*, the solution y of (1.1) satisfies

ye H7(Q)  and  [|yllme-«o) < Crllull (o))

Here, H*(2) is a standard fractional order Sobolev space, cf. [1], and (H*(Q))* is
its dual space. This regularity assumption is satisfied for polygonal domains with
reentrant corners: If ) is a non-convex polygonal domain with w > 7 being the
largest angle of the boundary polygonal (measured from inside), assumption (R”) is
satisfied for all s with

7r
1-—<s<1,
w

cf. Remark 2.4.6 in [7].

For fixed «, it is straight-forward how to extend the convergence proof to the
case of partial regularity, following the line of arguments in [8]. These bounds are
not robust in the parameter o and deteriorate for o approaching 0. Existing robust
convergence results for all-at-once multigrid methods, like [3, 11], were based on full
elliptic regularity. The authors are not aware of a straight-forward extension of these
results to the case of partial elliptic regularity.

In the present paper, we will give a robust convergence proof under partial reg-
ularity. For the proof we will make use of parameter-dependent norms which will be
constructed using the concept of Hilbert space interpolation, cf. [1, 4].

This paper is organized as follows. In Section 2 we present a standard multigrid
framework. In Section 3, we recall standard smoothers and show that they satisfy the
smoothing property. The convergence analysis for the case of partial elliptic regularity
is carried out in Section 4. The numerical results, we present in Section 5, illustrate
the convergence result. Concluding remarks can be found in Section 6.

2. The general framework. In this section we recall a standard multigrid
framework for solving the model problem. We derive the optimality system and its
discretization in Subsection 2.1. In Subsection 2.2 we introduce all-at-once multigrid
methods.

2.1. Optimality systems. The solution of the model problem is character-
ized by the Karush-Kuhn-Tucker-system (KKT-system). This system depends on the
state gy, the control u and the Lagrange multiplier, say p, associated with the con-
straint, here the state equation. This system immediately implies that v = o~ 'p
holds, which allows to eliminate the control u and leads to the following reduced
KKT-system. Find (y,p) € H*(Q2) x H'(Q) such that

(¥ P2 + (2, = Wb, Y@
WD — o' pprr = 0

holds for all (7,p) € H*(Q) x H'(Q). For the details, see, e.g., [11].
We obtain a variational problem for z = (y,p) in the product space X =Y x P,
which can be written as follows. Find € X such that

B(x,z) = F(T) for all 7 € X, (2.1)
where

B((y7p)7 (g7ﬁ)) = (y7y L2(Q2) + (pa g)Hl(Q) + (y?i)’)Hl(Q) - a_l(pai)‘)Lz(Q)a
f(ﬂa@ = (yD7g)L2(Q)'
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Existence and uniqueness of the solution is guaranteed by the following condition.
(A1) There are constants C > 0 and C' such that

B(x,x
Cllallx < sup ST
0£TEX 7]l x

< Cllzllx

holds for all x € X. -
In [11] and [14] it was shown that this condition is satisfied with constants C and C
independent of o for X := H'(Q) x H'(Q) equipped with the parameter-dependent
norm

Izl x = (Ilylly + Ipl3)"2,
where
lylly = (W72 + " [ylF1 ) "/? and
Ipllp == (& IpllFe) + o 2Pl 7 @) >

NOTATION 2.1. For Hilbert spaces Ay and As, A1 N As denotes the Hilbert space
of all elements from the intersection of Ay and As with norm

I lasnas = (- 1, + 115,012

For a scalar v > 0 and a Hilbert space A, vA denotes the Hilbert space of all elements
from A with norm

I llya =l fLa

Using this notation, we can rewrite the norms introduced above as follows

lylly = Hy||L2(S2)ﬁa1/4H1(Q) and Ipllp = Hp”a*l/sz(Q)ﬁoﬁl/‘*Hl(Q)'

A standard way to discretize (2.1) is the Galerkin principle. Let X C X, k =
0,1,2,..., be a sequence of finite-dimensional subspaces. For simplicity, we restrict
ourselves to the case of nested spaces, i.e., we assume that X C X, 1. The Galerkin
approximation of (2.1) is given by: Find zj € X} such that

B(l‘k,fk) = ]:(%k) for all 7;, € X}. (2.2)

Here, the spaces X}, are product spaces, too, i.e., X = Y; X Pj. For case of the model
problem, Y, = P is a reasonable choice. For this case the following condition was
shown in [11].

(Ala) There are constants Cp, > 0 and Cp such that for all grid levels k

Bz, T,
Cpllanllx < sup ST

- < Chollzklx
0£TLEXy |5 || x

holds for all x), € X.
This guarantees existence and uniqueness of the solution of the discretized problem.
As for condition (A1), the constants Cj, and Cp are independent of a.
The variational problem (2.2) reads in matrix-vector notation as follows

where A = < M K ) (2.3)

Akgk :f K —Oz_le

Lk
and M} and K} are the standard mass and stiffness matrices, respectively. The
matrix Ay is symmetric and indefinite. Here and in what follows, any underlined
quantity, like x,, denotes the coefficient vector of the corresponding finite element
function, here x; € Xj, with respect to a basis of Xj.
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2.2. All-at-once multigrid methods. In this subsection, we introduce a stan-
dard all-at-once multigrid framework for solving the discretized equation (2.3) on
grid level k. Starting from an initial approximation g,&o)
method is given by the following two steps:

e Smoothing procedure: Compute
g,(co"m) = g,(co’mfl) + A;l(ik — Ay g,&o’mfl)) form=1,...,v

with L(co,o) = g,(go).

one iterate of the multigrid

e Coarse-grid correction:
— Compute the defect fg) = (f, — Ak QECO’U)) and restrict it to grid level

k — 1 using an restriction matrix I,’:flz
1 — o,v
= LN = A ).
— Solve the coarse-grid problem
A p =1, (2.4)

approximatively.
— Prolongate p,_, to the grid level k using a prolongation matrix I ,’:_1 and
add the result to the previous iterate:

1 ._ (0w k 1
z) =)+ LpY
As we have assumed nested spaces, the intergrid-transfer matrices I ,’jﬁ ;and [ ,if ! can
be chosen in a canonical way: [ ,’j_l is the canonical embedding and the restriction

1 ,’j*l is its transpose. The choice of ,,lezl will be discussed in the next subsection.
If the problem on the coarser grid is solved exactly (two-grid method), the coarse-
grid correction is given by

o) =2+ AN, — A ™). (2:5)

In practice the problem (2.4) is approximatively solved by applying one step (V-cycle)
or two steps (W-cycle) of the multigrid method, recursively. On grid level k = 0 the
problem (2.4) is solved exactly.

To show a multigrid convergence result based on Hackbusch’s splitting of the
analysis in smoothing property and approximation property we have to introduce an
appropriate norm.

For each s € [0,1) we need a linear function space X* O X equipped with a
family of norms || - [|x: ,, which depend on the grid level k and on the choice of the
parameter . The choice of the parameter o will always be clear from the context,
so only the dependence on s and k is denoted explicitly. Note that the function
space X°, equipped with any of the norms || - [|x= , is a Hilbert space, denoted
by X = (X2, - llxs )

Due to Hackbusch, the analysis is based on the following properties.

e Smoothing property:

B (O)V) _ ~e
sup (), Ty, Ty

0
_ - <)z = zellxe (2.6)
aex,  Tkllxe

holds for some function n(v) with lim,_,., n(v) = 0.
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e Approximation property:

B (O)V) _ o~
||17](€1) . Ik”Xj . <Oy sup (xk _ l‘k,l‘k)
FreXs 1Zkllxe,

holds for some constant C'4 > 0.
It is easy to see that, if we combine both conditions, we obtain

1 0
e = axllxe , < a@)le” - axllxe

k E?

where q(v) = Can(v), i.e., that the two-grid method converges for v large enough. The
convergence of the W-cycle multigrid method can be shown under mild assumptions,

see e.g. [8].
For full elliptic regularity, which corresponds to s = 0 in our notation, such a
linear space X° = X_ equipped with (mesh-dependent) norms || - [| xo L= X,

has already been introduced, see [11]. We will recall the choice of the space X_ and
the norms || - ||x_,, which leads to the Hilbert spaces X_ := (X_,|| - ||x_,), in
the next section. Now, for general s € (0,1), we propose the following choice of the
Hilbert spaces Xi,k:

Xi,k = [X—,le]sa

based on the following notation.

NOTATION 2.2. For each 6 € (0,1), the interpolant of two Hilbert spaces A; and
As, defined using the real K-method, cf. Theorem 15.1 in [9], itself is a Hilbert space,
denoted by

[A17 AQ]@'

This choice corresponds exactly to the strategy in [8] for analyzing the multigrid
method for the Poisson problem, where (in our notation) X* = H*(Q)) was chosen.

For further reference we recall three results on Hilbert space interpolation, cf. [1,
4].

Applied to standard Sobolev spaces H™(€2) and H™(2), we obtain

[Hm(Q),Hn(Q)]g — H(lfﬁ)m+0n(Q)’

i.e., a standard Sobolev space. For scaled Hilbert spaces, the interpolation is the
(weighted) geometric mean, i.e., for Hilbert spaces A; and As and scalars v; > 0 and
v3 > 0 we obtain

(M1 A1, 72420 = 71 078[A1, Ale. (2.8)

One main result on interpolation spaces is the interpolation theorem, cf. Theo-
rem 3.2.23 in [4], which reads as follows.

THEOREM 2.3 (Interpolation Theorem). Let Ay, As, By and By be Hilbert spaces
and let T : Ay + Ay :={a1 + a2 : a1 € Ay, ay € Az} — By + Bs be an operator
such that there are constants Cy and Co such that for all a1 € A1 and as € As, the
mapping properties Tay € By and Tas € By and the bounds

[Ta1l, < Cillaxlla, and  ||Taz| B, < Cafaz||a,
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are satisfied.
Then for all a € [A1, Aslp, we obtain Ta € [By, Balg and

ITall(,,5,), < C(0)C1~0CYllallja,, 450

where C(0) only depends on 6.

3. Smoothers. The choice of an appropriate smoother is a key issue in con-
structing an all-at-once multigrid method. Here, we recall two classes of smoothers
which are appropriate for the model problem.

The first class are normal equation smoothers, cf. [3], given by

g,(co’m) = @,(co’mil) + TL',ZlAkL',;l(fk — Ay gg)’mfl)) form=1,...,v.
- I
A=
Here, Ly, is the matrix representing the scalar product (-,-)x_,, i.e.,
(Ckgmik)p = (mk,%k)x_yk for all l'k,f}c € Xk, (31)

where (-, )2 is the Euclidean inner product. The damping parameter 7 > 0 is chosen
such that 7 < 2/p(fl,;1¢4k), where p(M) denotes the spectral radius of a matrix M.
Note that the definition of the smoother is independent of the regularity parameter s.
For robust convergence, we need to choose 7 independent of the grid level k and
the parameter «. This is possible if the norm ||-|[x_ , is chosen such that the following
condition is satisfied.
(A2) There is a constant Cpy such that

k

||xk||X < C’]\4||£C]€||)(7JC for all z;, € X}

holds on all grid levels k and for all choices of the parameter a.
Certainly, this iterative procedure should be efficient-to-apply. This is satisfied

if || - |lx_, is a scaled L?-norm. The norm |- || x_, can be constructed by replacing
each occurrence of || - || 1(q) in the norm || - [[x by hi 'l - |l 2(e)- This leads to

lzllx_ = (yl3, +IplE_ )2 (3.2)
where

lylly_ . := (1 + a1 )2 |ly | 12 (o) and
Ipllp_ . = @™ 2 (L + 2R )2 |pll 12 ) -
Using a standard inverse inequality, one can show that condition (A2) is satisfied for
this choice.
For the case s = 0, the smoothing property of the preconditioned normal equation
smoother was shown in [3]. We recall the result:

LEMMA 3.1. Assume that (Ala) and (A2) hold. Then 7 > 0 can be chosen
independent of grid level k and the choice of the parameter o such that

Tp(A];]--Ak) < Prmaz < 2

holds. For this choice of T, there is a constant Cs > 0 independent of grid level k and
choice of the parameter « such that the smoothing rate satisfies

n(v) == Cer™1/2,
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where the constant C's > 0 is independent of grid level k and parameter o.

REMARK 3.2. The matriz Ly, is a 2-by-2 block-diagonal matriz, where each block
is a scaled mass matrixz. Due to the fact that the mass matriz is spectrally equivalent
to its diagonal, also Ly is spectrally equivalent to its diagonal. Therefore, if we replace
the matriz Ly, by

A (diag(Mk + Oél/ZKk)
Ly =

a~t diag(Mk + 041/2Kk)> ’

the smoothing property for the corresponding iterative method is still satisfied.

It remains to show the smoothing property in the norm || - || X2 which will be
done below.

The second class of smoothers, that we consider for the model problem, is the
class of collective iteration schemes. Such methods have been proposed, e.g., in [13]
or [2]. One method of this class is the collective Richardson iteration, which is given
by

-1
m m— myl kil m—
R < kD —aimyl ) (f =A™ ) form=1,....v,

Ay =

where my, and kj are the largest entries of the diagonals of M} and K}, respectively,
and the parameter 7 € (0, 1) is chosen independent of grid level k£ and parameter «.
In [12] the smoothing property was shown. We recall the result:

LEMMA 3.3. For 7 € (0,1) chosen independent of grid level k and parameter «,
the collective Richardson iteration satisfies the smoothing property with

n(v) == Csv™ /2,

where the constant C's > 0 is independent of grid level k and parameter «.

The proof in [12] fixes the choice of the norm || - ||x_, (up to constants) to the
norm specified in (3.2).

We have mentioned above that for both smoothers the smoothing property is
satisfied for the norm || -[|x_,, i.e., for s = 0. We can use interpolation theory to
carry over this smoothing result to the case s € (0,1).

LEMMA 3.4. Assume that Ay is symmetric and that the smoother is given by

g,(go’m) = lgco,m—n + /l,;l(ik — A g,go’m_l)) form=1,...,v,

where Ay, is a symmetric matriz. Assume that this smoother satisfies the smoothing
property in the norm || - [|x_,, i.e.,

B 0,v) .7
sup (), Tk, Tk)

0
~ _ <)l — zllx_s
TpeXg ||xk||X—,k~

holds. Moreover, assume that condition (Ala) holds and the smoother is power-
bounded, i.e., that there is a constant C'g such that
Hml(eom) —wpllx_, < CBHff;O) —xllx_, (3.3)

holds for all m € N.
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Then for all s € (0,1) the smoother satisfies the smoothing property also in the

norm || - ||x= , i.e., there is a constant Cs, depending only on s, Cp and Cp and

Cp, such that

B (011’) _ I~
wp B =0 3)

TreXk ||‘:Ek||Xiyk

< Csn(w)' [l — willxe , (3.4)

is satisfied.

Proof. The proof is done using interpolation. By assumption, we know that the
smoothing property

B (011’)_ I~
wup B = )

TREX) ||‘;Ek7||X—,k

0
<))z — zillx_,

is satisfied. We will also show that there is a constant C > 0 such that

B(x,(co’y) — Tk, fk)

sup < Ozl — 2 x (3.5)

FeEXs 1Zkllx

holds. Then the interpolation theorem (Theorem 2.3) immediately implies (3.4).

In order to show (3.5), we reformulate the condition in matrix-vector notation:
MR = A AR 14l o1 < Cllrg iy

has to be shown for all r; := ;,(f) — 2. Here, the matrix Qy represents the scalar

product (-,-)x on Xj. In other words, we have to show that the spectral norm of

Pri= QAT — T AT AL QM
is bounded by a constant. This matrix is symmetric, so we have

| Pellez = p(Pr)
= p(L2 Q5 AT — T AT AN £ )
< 1Ly 2@ Ay P e L2 (1 — T AT AR L e,

where || - ||;2 is the spectral norm and the matrix £y is as defined in (3.1). Here, the
second factor can be bounded from above by C'p using condition (3.3). The first factor
can be bounded from above by two times the numerical radius, where the numerical
radius r(M) of a matrix M is given by

M
’[“(M) = Sup M
0#z, ERNk \@kaik)zﬂ
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We obtain

L2 05 ALy e < 2r(L)/2 Q5 ALy )

|(£;1€/2 QZlAkﬁgl/zgm Zp)e|

<2 sup
0z, €RNk (ks Zp ) ez
—1/2 — ~1/2
Ly e NQLQAGN a3y
otepers  [(Qp 7Lk Py, )il
—1/2 —1/2
(Q P A9 Py, e _ -
<2 s [(Qx k ko YUp) 2] < 2||Qk1/2«4ka V2,
Ogégk,gkeRNk |(£k’yk)£2|
—1/2 —1/2
o ap [@PARM el o (A )|
=2 sup =2 sup
0#z, ERNk (Zg, 21, ) 2 0#z, ERNk (Qry, )2
B _
—o sup BRI om
0#z, ERNk [Ea(5%
where C'p is the constant in (Ala). This shows (3.5) which finishes the proof. d

The conditions of Lemma 3.4 are satisfied for both smoothers discussed above:
The symmetry of Ay, is in both cases obvious. Power boundedness can be shown for
the preconditioned normal equation smoother with an easy eigenvalue analysis. For
the collective Richardson smoother, power boundedness was shown in [12].

4. Approximation property. The proof of the approximation property fol-
lows classical convergence proofs, cf. [8]. We have already mentioned that Hack-
busch’s proof of the approximation property for the Poisson problem uses the spaces
X = H*(Q) and X = H'(2). In his proof a H*-approximation result is constructed
using an Aubin-Nitsche duality trick. For this purpose, he uses that the regular-
ity assumption (R’) states that the solution of the Poisson problem is a function
in H275(Q).

This motivates to introduce, beside X* and X, also a third space X7 (which
plays the same role as H2~%(Q) for the Poisson equation) equipped with appropriate
norms || - |xs . In the next theorem we collect all the assumptions we need for a
proof of the approximation property. Then it will become more transparent how to
choose the Hilbert space X3 ; := (X3, |- [|xz ,)-

We closely follow the line of arguments in [8] for the Poisson equation.

As mentioned above, Hackbusch needs the regularity assumption (R’). For our
proof we need an analogous assumption which reads as follows.

(A3) There is a constant Cr > 0 such that for all grid levels k, all F € (X2 ;)"
the solution © € X of the problem, find x € X such that

B(z,z) = F(x) for all 7 € X, (4.1)
satisfies v € X7 and the bound
lallxs , < CalFlloce -

Besides the regularity assumption, Hackbusch needs in his proof an approximation
error estimate. In our framework, we need the following analogous assumption.



10 S. TAKACS AND W. ZULEHNER

(A4) There is a constant C; > 0 such that for all grid levels k and all x € X the
approximation error result

Jnf o —zillx < Crllellxs
is satisfied.

With these conditions, we have

THEOREM 4.1. Let for k = 0,1,2,... the symmetric matrices Ay be obtained
by discretizing problem (2.1) using a sequence of finite-dimensional nested subspaces
X1 € Xy C X. Assume that there are Hilbert spaces X5 C X C X° with mesh-
dependent norms || - |xs ., || - llx and|| - [[x: , such that the conditions (A1), (Ala),
(A3) and (A4) hold.

Then the coarse-grid correction (2.5) satisfies the approximation property (2.7)
with a constant Ca, only depending on C, C, Cp, Cp, Cr and Cr

To some extend this is a known result in literature. For sake of self-containedness
and specially tailored to our notation, we give a proof of this theorem in the Appendix.

4.1. Convergence analysis under full elliptic regularity. Before we start
discussing the convergence analysis under partial elliptic regularity, we have to recall
the results for the case of full regularity.

First note that in Subsection 2.1, we have already seen that conditions (A1)
and (Ala) are satisfied for the model problem.

We choose the norm | - ||xo = ||+ |lx_, as introduced in (3.2), which guarantees
the smoothing property and condition (A2).

Already for s = 0 (full elliptic regularity) the choice of the linear space X{ = X
equipped with norms || - ||x, , is not straight-forward. The basic idea is to choose the
Hilbert space X x := (X4, - ||x, ) such that the Hilbert space X is the interpolant
at = 1/2 of the Hilbert spaces X_ ; and X y, i.e.,

X =Xk Xt k12 (4.2)

This is satisfied for the choice X = H?(Q) x H?(Q) with associated mesh-
dependent norms

lzllxs = (yliy, , + lplE, )Y

where

[wllv s = (a2 ®) 2yl 32() + allylfzo)'/? and
Ipllp. . = a1+ 2R )" 2 (pl ey + allplFrae)) >

The combination of (2.8) and Lemma 6.1, introduced in the Appendix, immediately
implies that this choice of the Hilbert space Xy = (X4, - ||x, ,) guarantees (4.2).

REMARK 4.2. The choice of Xy i in this paper is different to the choice used
in [11]. Note that the choice in the present paper is closer to the classical proofs for
the full elliptic regularity case, cf. [8], where (4.2) is also satisfied.

With this choice of X ;, we now have

LEMMA 4.3. Condition (A4) is satisfied for s = 0.

Proof. Note that X, = Y, x P, and X =Y x P. Therefore, we can do the
analysis for y and p separately. As the analysis for p is completely analogous, we
consider y only.
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Using standard finite element theory, we know that there is an interpolation
operator Il : H'(2) — Y} such that

ly — Wyl oy < ChY ™ llyllmmey  forally e HNQ)NHY(Q)  (43)
for 0 < m < n < 2. Using the fact that

I larsmnoy = 1 lizz@yarzmz @, < (- 172@) +all - Iiz@)'?

holds, we can show — analogously to Lemma 2.3 in [11] — using the definition the
involved norms | - ||y and || - ||y, , that

ly —kylly < Cllylly,,  forallyeYy (4.4)

holds. a

And, finally, one can show the following result.

LEMMA 4.4. In the framework of this section, condition (A3) is satisfied for
s =0 if condition (R) is satisfied.

The proof is postponed until the next subsection, where the general case s € [0,1)
is considered.

4.2. Convergence analysis under partial elliptic regularity. The next step
is the construction of the Hilbert space X7 ; for s € (0,1). Here, we use the obser-
vation (4.2) and follow classical results. We have already used X*® ; = [X_ s, X]; for
the construction of X* ,. Observe, that in Hackbusch’s proof, Xig = H?*735(Q) =
[H2(Q), H'(Q)]s = [X4 k, X]s is satisfied, which again is used as construction prin-
ciple. So, for the case of the model problem, we choose the Hilbert space X3 | as
follows:

e =Xk X (4.5)
Note that, analogously to (4.2), the identity
X = [Xi,kin,k]lﬂ

is satisfied, cf. the reiteration theorem (Theorem 3.2.20, Corollary 3.2.17 in [4]).
LEMMA 4.5. The Hilbert spaces X° ; and X3 ., introduced in (3.2) and (4.5),
are the linear spaces

X = H(Q)x H'(Q)  and X5 = H>(Q) x H>*(Q).

equipped with norms which are equivalent (with constants independent of k and «) to
the following norms

lallx , = (loliZ=, + lIpl3: )2
where
lylly:, = (1+a"2h®) 2 (|lyll720) + 2|yl 7o) /* and
Ipllps , = @™ (1 4+ a'2h )2 (|Ipll72 0 + a2 (Ipl 3 () .
and

lallxs , = (ol , + Mol )V

)
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where
lyllys , = (L4 a2h®) =2 (|ly )72 (q) + @2yl 20 () /? and
Ipllps , = ™ (1 +a2h )~ =92(|Ip| 72 ) + a2 |plf32-0 ) >

Proof. First note that X° ; and X3 ;, defined by (3.2) and (4.5), have product
structure. Therefore, it suffices to discuss the y-part and the p-part separately.

First we consider only the norms in Y_syk and Y

Using the identity (2.8), the reiteration theorem (Theorem 3.2.20, Corollary 3.2.17
in [4]) and Lemma 6.1, we obtain

lyllvs , = IWllpvy wvte ~ 19l ey e
=1+ al/zhEZ)i(lis)/Q||yH[L2(Q)ﬁa1/2H2(Q) L2(Q)]. 2

~ (1 +041/2@2)(8’”/2(Ilylliz(m +al 2|y | (@) 2,

where ~ denotes the equivalence of norms, where the constants are independent of hj
and a.
We can show using the same arguments

Iyllvz , = vl ox1. = 1Wliatarzn2y22), L2@nat a1 (@),
~ (L4 0202 2y Ry + 02yl ee)

The same can be done with the norms in Pj’k and Pf’k. O

As mentioned, we use Theorem 4.1 to show the approximation property. Already
in Subsection 2.1, we have mentioned that conditions (A1) and (Ala), which are
independent of the choice of s, are satisfied. We still have to show conditions (A4)
and (A3).

LEMMA 4.6. Condition (A4) is satisfied for all s € [0,1].

Proof. This proof is done using interpolation. Condition (A4) was shown for
5 =0 in Lemma 4.3.

For s = 1, we can show using (4.3) that

ly = eylly < Cllylly (4.6)

holds for all y € Y.
Using (4.4) and (4.6), the interpolation theorem (Theorem 2.3) implies that

cs ly — Meylly = lly — Weyllyvy, < Cllylly, vy, = Clivllve

holds for all y € Y with ¢, = \/1/(2s(1 — s)), which finishes the proof for s € (0,1).
0

LEMMA 4.7. Assume that regularity assumption (R’) is satisfied for some s €
[0,1). Then condition (A3) holds with a constant Cr independent of the grid level k
and the choice of the parameter c.

For the proof of this lemma, we need the following lemma, whose proof can be
found in the Appendix.

LEMMA 4.8. Assume that regularity assumption (R’) is satisfied for some s €
[0,1). Let f € (H*(2))*. Consider the problem: Find y; € H*(Q) such that

(s )2 +a 1/2 W Nar) = (L9 (4.7)
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is satisfied for allj € HY(Q). Then there is a constant Cr > 0 such that for all a > 0
the solution yy satisfies yy € H>=*(2) and

lyellys , < Crllfllys ,)-

holds.

Proof. (of Lemma 4.7) This proof is organized as follows. In step 1, we show
that for F € (X2)* the solution x of (4.1) satisfies + € X3. In step 2, we will see
that the estimate in (A3) can be rewritten as a stability estimate. In step 3, we will
see that (R’) implies a stability estimate for a parameter-dependent elliptic problem.
In step 4, we will show that this stability estimate implies, following the guidelines
of [14] the stability estimate to be shown due to step 3.

Step 1. Cousidering the two lines of the KKT-system (2.1) separately, and keep-
ing in mind that y € HY(Q) C (H*(Q))* and p € H(Q) C (H*(Q))*, we obtain
using (R’) that y € H>7%(Q) =Y} and p € H>~*(Q) = P{ is satisfied.

Step 2. For showing

lzllxs , < CrIFllxe )=

we reformulate this condition as stability estimate (inf-sup condition):

A B(z,x
lellx: , < Cr sup SomE)

— for all x € XI. (4.8)
0#£TEX ||37|\Xi,k

Using the representation of the norms, as introduced in Lemma 4.5, (4.8) can be
rewritten as follows

B((y,p), (v, P))

(yl%, + Ipl3)V? < Cr sup  —— > (4.9)
o oz@mex (101, +[p1%.)1?
where
” : ||)~/7g = H ' ||L2(Q)ﬂa5/4HS(Q)a || . | ps = || . ||a*1/2L2(Q)ﬂa(S*2)/4HS(Q)7
|| : ||)7j = H : ||L2(Q)ﬂa(2*5)/4H2*S(Q)7 || . ”ﬁi = || . ||(¥*1/2L2(Q)ﬂa*5/4]—[2*5(Q)-

Step 3. Analogously to the case above, also the the regularity statement of
Lemma 4.8 can be rewritten as an inf-sup condition.

(Y, Y)2() + 041/2(%37)111(9)

lyllg: <Cr  sup =
+ 0AJEH (Q) Hy”ffj
< 61?, sup (Zh?i)L?(Q) I sup (%@Hl(ﬂ) (4.10)
ozgeri (@) Yl ozperi()  1Pllp-

holds for all y € H27%(Q). We can show completely analogously that also

_ , a~L(p,
B <Cg ( sup (P, () + MLQ(Q))

—_— — (4.11)
0AJEHL(Q) ||y||175 0ApEH (Q) ||pHﬁi

1ol

holds for all p € H?~%(Q).
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Step 4. Now we show that (4.10) and (4.11) imply (4.9). The proof follows the
lines of the proof of the stability estimate Theorem 2.3 in [14].

Note that || - [2@@) < |- llgs < - llg; and ||+ ll2@) < I+ . < |- |5, are
satisfied.
Now
B(x,T)
2 sup — —
ozzex (W1, + 1PI%.)?
> swp W ¥) L2 + U, p) () © s (¥, D) ) — @ (0, D) r2()
T oxgey [9ll5 04£pEP 121l 5«
U ) 1/2
(y7p)H1(Q) (%@Hl(g)
> Sup —=g—— Sup —r=im
0AFEY Hy||~j 0#£peP ||p||§i
2 2 2 1/2
(yamlﬁ(g) o (p7mL2(Q)
Sup ——=5 Sup ——=3
oxgey Iyl ve 0#peP 7] Ps
= (€ =n)lylZ. + lpl%)"?,
+ +
where
2 2 2 1/2
- 1 sup (¥, 9)12(0 sup (P, P)12(q)
(||y|f~/j + [Ip| ?;i)m orgey Gl oxper  IIPIE. ’
U ) 1/2
¢ e 1 sup (yvp)Hl(Q) sup (%@Hl(g)
T W, T (ot TIZ. ovser A1,

A second bound can be constructed as follows

sup B(z,T) > B((y,p), (y,—p)) _ W, ¥) 2 + a1 (p,p) 20
osmex (I, + BB = (w2, + 1= I%)7 ~  (Isl%, + el3,)72

. (y717)i2(g) . 072(17713)12(“)

WY@ + o (pp)2e) _ PPOFTEY Tz T SUPOLFEP 7T(5.5) 12 o)

(l2. + TplZ )72 (l2, + oI5, )72
+ + + +
(v, 1)3 2 a2 (p,p)3 2
SUPoyey Wfﬂ) + SUPgpep WL(Q)
vs P2

.2 2 2 \1/2
= (Il + Ipl3,)2.
(I, + T3, 2 e

The inequalities (4.10) and (4.11) imply & +7 > Cg > 0. In the same way as in [14],
it follows that there is an upper bound for the constant in (4.9) only depending on
Cr. O

As we have shown (A1), (Ala), (A3) and (A4), we conclude using Theorem 4.1
as follows.

COROLLARY 4.9. Assume that regularity assumption (R’) is satisfied for some
s €[0,1). Then the approzimation property holds with a constant C4 independent of
the grid level k and the choice of the parameter «.
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As mentioned, the combination of approximation property and smoothing prop-
erty shows the convergence of the two-grid method.

In Subsection 4.2 we have shown the approximation property. In Section 3 we
have shown that the preconditioned normal equation smoother and the collective
Richardson smoother satisfy the smoothing property. This allows to conclude as
follows.

COROLLARY 4.10. Assume that reqularity assumption (R’) is satisfied for some
s € [0,1). Furthermore, assume that the preconditioned normal equation smoother or
the collective Richardson smoother is applied.

Then the two-grid method converges if sufficiently many smoothing steps are ap-
plied, i.e., we have

1 0
I = anllxe , < a@)lal” — alxe .

with q(v) = Crv1=9)/2 where the constant Cr is independent of the grid level k and
of the choice of the parameter . The constant Cr may depend on s.

The convergence of the W-cycle multigrid method follows under weak assump-
tions.

5. Numerical Results. In this section, we present numerical results to illus-
trate the convergence theory presented in this paper. The domain €2 was chosen to
be the L-shaped domain  := (0,2)?\[1,2)? and the unit square € := (0,1)2. For the
L-shaped domain assumption (R’) holds for s > % and for the unit square assump-
tion (R) is satisfied.

On the coarsest grid level & = 0 the discretization of the unit square was done
by decomposing the square into two triangles by connecting the points (0,0) and
(1,1). The L-shaped domain was discretized analogously into 6 triangles. The grid
levels k = 1,2,... were in both cases constructed by uniform refinement, i.e., every
triangle was decomposed into four subtriangles.

For the simulation a W-cycle multigrid method with v pre- and v post-smoothing
steps was used. The number of iterations and convergence rates were measured as
follows: we start with an random initial error and measure the reduction of the error
in each step using the norm ||-||x_ . The iteration was stopped when the initial error
was reduced by a factor of € = 107%. The convergence rates ¢ is the mean convergence

rate in this iteration, i.e.,
1/n
0= (m&;‘) —xknx,k)
ey = wxllx_

where n is the number of iterations needed to reach the stopping criterion. Here, zj
is the exact solution and xg) is the i-th iterate.

In Table 5.1 we compare the convergence rates for the L-shaped domain and for
the unit square. We observe that the convergence rates are comparable, i.e., the
multigrid method does not suffer from the lack of full regularity. The numerical
tests have been done for the preconditioned normal equation smoother (damped with
T = 7/16), the collective Jacobi iteration (damped with 7 = 3/4) and the collective
Gauss Seidel iteration (without damping). Here, the preconditioned normal equation
smoother and the collective Richardson smoother are covered by the convergence
theory. Due to the fact that the grid is uniform, collective Jacobi smoother and
collective Richardson smoother are practically identical. The collective Gauss Seidel
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vr=1+1 v=2+2 v=4+4
n q n q n q

Q is unit square

Preconditioned normal equation 48 0.75 24 0.56 14 0.35
Collective Jacobi smoother 13 0.33 0.16 0.08
Collective Gauss Seidel smoother 7 0.10 0.05 4 0.02

oo
(=

ot

Q is L-shaped domain
Preconditioned normal equation 49 0.75 25  0.57 14 0.36

Collective Jacobi smoother 14 0.35 8 0.17 6 0.08
Collective Gauss Seidel smoother 7 0.11 5 0.06 4 0.03
TABLE 5.1

Number of iterations n and convergence rate q on grid level k =5, a = 1

a=1 o =104 a =108 o = 10-12
n q n q n q n q
k=5 49 0.75 50 0.76 41 0.71 50 0.76
k=6 48 0.75 49 0.75 51 0.76 53 0.77
k=17 49 0.75 49 0.75 55 0.77 56 0.78
k=8 49 0.75 49 0.75 51 0.76 44 0.73
k=9 49 0.75 49 0.75 49 0.75 44 0.73
TABLE 5.2

L-shaped domain: Number of iterations n and convergence rate q for preconditioned normal
equation smoother for 7 =7/16 and v = Vpre + Vpost = 1 + 1 smoothing steps

smoother is not covered by the theory but a quite natural alternative to the collective
Jacobi smoother.

In Table 5.1 we observe that the collective point smoothers are faster than the
normal equation smoothers. Moreover, we see that also for the L-shaped domain the
convergence rates decay faster than v~1/2 for increasing values of v, although theory
predicts a decay of /2 only for the full elliptic regularity case.

In Tables 5.2 and 5.3, we see moreover that the convergence rates are robust in
the grid level k and in the choice of the parameter a.

Although not covered by the analysis, numerical experiments show that also the
V-cycle converges with rates comparable with the convergence rates of the W-cycle
method for the model problem.

6. Conclusions. In this paper we gave a convergence proof for an elliptic dis-
tributed control model problem which is slightly different to the proof given in [11].
This proof of the present paper has the advantage that it also holds for to domains
where full elliptic regularity cannot be guaranteed, which includes non-convex polyg-
onal domains. The generalization of the presented work to other elliptic differential
operators is obvious.

Appendix. Proof. (of Theorem 4.1) The details of this proof follow Theorems 2.5
and 3.1 in [11].
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a=1 a=10"% a=10"8 a=10"12
n q n q n q n q
k=5 14 0.35 13 0.34 9 0.21 13 0.33
k=6 13 0.34 13 0.34 12 0.29 13 0.33
k=7 13 0.34 13 0.34 13 0.33 13 0.33
k=8 13 0.34 13 0.34 13 0.34 11 0.26
k=9 13 0.34 13 0.34 13 0.34 11 0.26
TABLE 5.3

L-shaped domain: Number of iterations n and convergence rate q for collective Jacobi smoother
fort=3/4 and v = Vpre + Vpost = 1 + 1 smoothing steps

_In this proof, for sake of simplicity C' is a generic constant that only depends on
Q, C, QD, CD, C] and CR.
Let x € X and x, € X} be such that

B(z,z) = F() for all 7 € X,
B((ﬂk,fk) = ]:(fk) for all 7, € X}.
First we show that
F()

|2 —apllxs , <C  sup

0£TEX® ||~”U||Xi,k

holds. The proof of this estimate follows the classical line of arguments: Because
of (A1) and (Ala), we can estimate the discretization error in the X-norm by the
approximation error:

HZL’ —xk||X S C~inf Hx — Ek”Xc
TreEXk

Using (A4) and (A3) we obtain further
o — zllx < CIF e -

For the estimate in the norm || - [|x= ,, we use the Aubin-Nitsche duality trick: For

every (arbitrarily but fixed) F* € (X ° )", we consider the following problem: Find
Zr+» € X such that

B(Z,&5+) = F*(T) for all 7 € X.
Using Galerkin orthogonality, we obtain
F(x— ) = B(x — g, 27+ ) = B(w — xp, 25+ — Tp)
for all & € Xj. Using (A1) and (Ala), we obtain
F(o =) < Clle—axllx_inf [lor- — dllx,
As above we obtain

Fr(x = o) < Cllz =zl x 7l -
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which implies (as we may choose F* arbitrarily)

F*(x —zy)

< Cllz — zllx,
Fllexe -

lz —zkllxs , = sup
T 0gFre(XE )

which shows (6.1). Now we may show the approximation property

(0,m) ~
1 B(x — Ty, Tg)
|z — 2y llx: , <Ca sup k_ ’
' 0#£Z1 €EXy ”wk”X:k
One easily sees that z; — x,(cl) =t — tgp_1, where t := x — x}(€0,m) and the function
tk—1 € Xg_1 is given by the formula for the coarse-grid correction step in variational
formulation

B(tk_l, Ek—l) = ]:(%k—l) - B(Q,‘g)’m),gk_l) for all %k—l S Xk—1~
We observe that

Bltp—1,@x-1) = F(@r-1) — Blal"™, 5-1) = Blay, — 2™, & 1) = Blty, Tx-1)
(6.2)
for all 1 € Xj—1. For a given F* € (X° ;)*, let & € X, ), € Xy and &1 € X1
satisfy

B(z,z) =F*(2) for all 7 € X,
B(Ek,.’i'k) :]‘—*(fk) for all 7y, € Xg,
B(:’fk,hfi‘k,ﬂ = ]:*(fkfl) for all Tp,_1 € Xp_1.
Then
F*(te — th—1) = B(tg — tp—1,2x) = B(te, Tx, — Tr—1)
since

B(tk—1,%x) = F*(tk—1) = B(tk—1, Tx—1) = B(t, Tx—1)

using (6.2). Hence

F (tk - tkfl) S sup ,v(i)H]: ”(Xi k)*
oz X, 1Tkllxs ’
Therefore,
F*(ty —tp—1 B(tg, T
Itk —th-1llx= , = sup % <C sup ¥
' 0AF*€(X? )* | F ”(Xi,k)* 0#£T, € Xk, ||9Ck||Xi,k
which completes the proof. ]

LEMMA 6.1. For all Banach spaces Ay and A,, the Banach spaces Ay N[Az, A1lg
and [A1 N As, A1]p are equal and have equivalent norms. The constants, describing
the equivalence, only depend on the choice of 6.

Proof. In this proof, C > 0 is a generic constant which is independent of k and «
but which may depend on 6.
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First note that

ulliaynas,ane = Cllulliay,aenas,ai), = Cllulla;na,, a5,

follows directly from the monotonicity of the interpolation.

So it remains to show [|ul[{a,n4,,4,]s < Cllulla,nias,a,],- Let u € [A1 N Az]gN Ay
The definition of the norms on the interpolation spaces (real K-method, cf. [9]) and
elementary relations yield

oo
—26— .
lellfa, 045, 4000 =/O 7207 inf (flualld, a4 2 luell,) de

u1t+us=u

1
_ —20—1 : 2 2 2 2
= [ e (B o, el e

o0
—20—1 . 2 2 2 2
[ e (a2l

By replacing the infimum by a particular choice, using the triangular inequality and
by computing the integrals, we obtain

1
el aapagy < / 2012 % dt
0

+/1 72070 inf ((ullay + lluallay)® + lualZ, + €]luall,) dt

UL tus=u
<L\|u||2 +1Hu||2 +2 Oot*20*1 inf  flua|%, + (140 |uz||%, ) dt.
—2-20 A 0 A1 1 w1 tus=u Az Ar

By a variable transformation and again using the definition of the norms on the
interpolation spaces, we obtain that further

||U||[2A1mA2,A1]3 < ml\ullil

1 —20—1 oo
+2<2) / L+ inf (JlwlA, + (1) |ueli,) dt
1 ultus=u
1

[ee)
— 2 20+2 —20—-1 : 2 2 2
= gy a2 /2 7 ind (el + e uelf,) dt

1 2 20+2 2 2 2
< mHUHA1 + 27 ullfag, a0 < CO)Nullfay, 1004,

holds, which finishes the proof for C(#) = max {(1 — )~1/29=1/2 20+1}, |
Proof. (of Lemma 4.8) We have to show that y; € H?>~*(2) and

lvtllL2@)nac—ram2-) < Crllfll(L2)nas/a e ()=

As yy € H'(Q), we have using yy = (ys,)r2(q) that yy € (H*(Q))*. Therefore,
if we consider the problem, find y € Y such that

(s Dy = (@ Y2(f —yg),y)  holds for all j € H'(Q),

that regularity assumption (R’) states yy € H>~%(Q) and

sl z2-s ) < CrUIF Il ars @)= + a2 lysll (ms )-)-
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This can be bounded from above and we obtain

lysllzr2-s @) < Cla) | fll s ()~

where C(a) is some constant that may depend on a.

Now, in a second step we construct a result that is robust in a. Let f € L*(Q)
be arbitrarily but fixed.

We may consider the following formulation of the problem: Find y € H*(f2) such
that

(v, Dy = (@ Y2(f —ys), D12y holds for all § € H'(Q).

Lax-Milgram Theorem (applied directly to the energy norm || - || 1)) shows that the
solution y; € H'(12) satisfies

sl ) = a Y2 f = yrll o ) (6.3)

and the regularity assumption (R’) shows that yr € H?7*(Q2) and

sl s ) < Cra™ 2|1 f = ysllcae ) (6.4)

We may also consider the following formulation of the problem: Find y € H'(£2) such
that

(s N2 + a2 D) = (f 92 holds for all § € H' (). (6.5)

The Lax-Milgram theorem (applied for the energy norm ||| .2(qyna1/4 g1 (q)) Shows
that the solution y satisfies

lysllL2@ynaram @) = 1fl2@)nat/am (@)« (6.6)

The combination of (6.3) and (6.6) shows:
If = yrll@rram @y < Clfllizz@ynar/am @) (6.7)

If we choose § = y = yy in (6.5), we obtain using a'/2(y s, §) g1 (0) > 0 that ”yf”%Q(Q) <

| fllz2 ) llyyll 2 () and therefore [y L2y < || f|lL2(0)and therefore

If = ysllzz(e) < Cllfllz2 (- (6.8)

The combination of (6.7), (6.8), the interpolation theorem (Theorem 2.3) and Lemma 6.1
shows:

1f = vrllaerams) < Clfllz2@nas/ams @)
which reads, if combined with (6.4), as follows:
1Y#llacz—oram2-2) < Cllfll(L2@)nas/2m= () (6.9)

The equation (6.6) implies [|yf|lr2(o) < | fll(2(2)na1/4 1 ()« Which shows using the
fact || - [Ifa,51, < I [lans that ysllzz@) < [ fll(z2@)nat/ams(@))- which can be com-
bined with (6.9) to the desired result:

lysll 2 @)nac-2/am2-20) < Cllfll(L2@)nasra e ()
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for all f € L*(Q).
Due to the fact that L?(Q) is dense in (H*(2))* we have for fy € (H*(Q))* and
fe€ L2(Q) with ||f0 — feH(Ha(Q))* < € that

||2Jfo||L2(Q)ma<2—s>/4H2—s(Q)
< Mlyr 2@ nac-a/am2-s@) + 1¥5. = YsollL2@)nac-o/4r2-2 ()
< Ollfellizz@)nasram= )+ + C(@)lfe = foll (s ))-
< Cllfollz2@ynas/ams @y + L+ Cl@)| fe — foll (s (o))
< Cllfoll(2@ynas/rme () + (1 +C(a))e

holds, which shows the desired result for ¢ — 0. Here, ys, and yy, are the solutions
of the variational problem (4.7) for right-hand-sides fy and f., respectively. 0
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